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‘ A process for identifying and determining the structure, depth• and relat i ve position of an underground tunnel fr~~ Its backscstteredresponse is presented. Application to theoretical and measured

tunnel echoes is Included with very satisfactory results. Basically,
the process involves the Isolation of a clutter free tunnel response
by effectively r~~oving all undesired poles and clutter or noisefl fr~~ the original (unprocessed) echo. The results can be evaluated
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1. CHAPTER 1• INTRODUCTION

. 1  
A . 8ackground and Related Research

Dur i ng the past decade, efforts at the ElectroScience Laboratory
have been concentrated on the detection and Identification of various

1 

- subsurfa~e targets such as tunnels , min e-like targets or differentLi kinds of pipes. In 1965 Kennaugh and Moffatt 11 ,2) performed a
p~oneerlng work on their first attempt to characterize backscattered
transient responses (echoes). Young and Caldecott 13,4,51 later

— 
did an extensive study on the detection of pipes. Recently, Chan
and Peters 15-81 have concentrated on the detection and i dentification
of mine targets . Davis and Peters 191 give a short st~ nary on the
tunne l detection progress made thus far at the (lectroSc ience Labora-

- .  tory. The above contributed greatl y to the advances presented
here.

In this thesis a new method for detect inq and determining
the struc ture (i.e.. ~denttf y ing), depth and re la t ive position of
underground tunnels is presented . It was applied to measured tunnel
backscattered waveforms obtained at a tunnel nte located at Gold
‘lii i , Colorado . The result-s as ccxnpared to the actual tunnel depth
and structure were reasonab l y accurate.

The i dentific at ion process is based on the assumption that
the trans ient response of the tunne l or generally any target can
be uniquel y charac terized by a set of conplex natural resonances
(poles) 15 ,7,10,11 1. We excite these resonances using a Video—Pulse
Radar 112 1 . Thi s radar consists of a pu l se generator, a pair of
horizontal crossed dipole antennas (one for transmitt ing and the

I other for rt~-~ ivi ng. thus icola t ion is maintained between the trans.
mitt ed arid received siqnalc ). and •~ s amp linq oscilloscope is used
j ,’. -~ receiver . The generator produces i narrow pulse of broad spec-H tria~ ranging from the pulse repetition rate of the pulser to the
lower microwave region. Although the transmitted pulse has a broad
spectrum, the dipole antenna acts as a principle filter . Therefore,

ç the natural response (or simpl y response) of the target must contain
its resonances close to the dipole resonance for possible target

- detection and Identification. Tribuz i and Wald 113 ,141 give a good
description on the development of the various dipole antennas that
were used in the underground radar system . It was found that the

- d.~eole antenna can be characterized by a sing le complex conjugate
pole pair (or simply pole pair) of l arge real part , independent
of antenna position 15-71 .
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The osc illoscope swiples the received echo (of some finite
t ime window) at 256 points and records it in a form compatible for
c omputer processing 1’

8. The Tunne l Response

F igure 1(a) illustrates a simple model of the tunne l response
when a pulse is inc i dent on its surface. The incident pulse bounces
back and forth in the tunnel. Every time the bouncing pulse is
at the upper interface of the tunnel a pulse is also transmitted
and propagates toward the antenna. This creates a mult ipl e lobe
signal structure at the receivin g antenna input . Therefore, (within
our System ’s bandwidth) the tunnel ’s (natural) response can be
characterized in the complex frequency plane by a sing le complex
conjuqate pole pair , independent of antenna position. Figure 1(b)
presents a transmission line mode l of the unified antenna-tunne l
structure. Thi s mode ) will be liscussed extensivel y in Chapter
IV. A worst case ‘.tudy , in whi ch the antenna is not matched to
the transmission line impedance will be pursued there. In practice ,
when recording actual echoes our dipo le antenna was closel y matched
to the ground impedance, thus avoid ing multiple reflections from
the target to facilitate the processing of the echoes , especial ly
when dealing with shallow targets. The results of th i s theoretical
study will prove to be very hel pful in guiding tunnel identification
process.

To avoid conf •jci~n in later discuss ions , a point of distinction
is due ~~~~ It c ein ornc tiw class ificat ion of the different wave-
forms to be encountered , m d  wi l l be used consistentl y henceforth.
When we refer to the (backs~at tered) orig inal waveform, or simpl y
#-“ho we mean the response received by the video-pulse radar . It has

a not been processed yet by any i dent if ication or detection scheme,
.-~xcept some anal iq pr~~t’csinq accomplish ed in the radar itself for
supr .’cslon ~f interf,’r,~nc~’, clutter and noic e . By tunne l or target
response we ref er to the natural response of the tunnel or target,
r.spertive l y. For the t u nn e l this is just an exponent iall y decaying
s i n u s o i d .

C. The_Id ent i f i atirrn Proceç~

The i dent i ficat ion process is concerned with the calculation
of the tunnel resonanr. and the arrival time of the tunnel response.
The resonance determines the tunnel’s he ight and the arrival time
indicates its depth. The problem associated with the anal ysis
Is that the received backscattered response is not only characterized
by the tunne l pole pair but It also contains the antenna pole pair ,
possibly other false target poles, and signi ficant portions of clutter
and noise. Clutter occurrenc e Is ma Inl y in the early portion of
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the rece i ved echo and causes di ff i culty in the determination of
the tunnel response arr i val time . Major efforts are attempted in
this study to ev”rt~~m• this problem. —

In processirm q the ori ginal waveform , there are several distinct
steps and the curves presented are l abe l ed according ly. T hese
inclu de:

I . Pale I x t r a c t i o n  Process

Thi s is in ri~~i li ty a di gi t a l or time domain filtering process
w here a na t~jral resonani e or a complex ~~~ 1 i t  pole pair and its
assoc i ated res i due ~rt’ removed ~rcy ~ the -~~~fornu . 

The reader is
iut io ”i’d t h it  thi s is nu u t done by eva1~ at ing the residue and then

subtract ing it f ro m  the waveform , hut instead it is done in the
time domain via a difference equati on approach. This process could
indeed be referred to as t ime drii~i i n filterin g and indeed for the
s~ike of cl a rity •i’il sim ph clt v wi’ will refer to it as suc h on the
waveform s presented. The approach has an advantage i n  that the
natur il resonances that are energized at different time s can be
accounted for .

•~. Correct ion Pr u ui i~~ç

In t he pr~~ e s .  ~ e~~! ract in q a natural rec ( u n~~nc ,  . the r~~ainder
- f  t he waveform is mo-I i f t e l  by th i s f i lt e ring pr u) (s ~c~ This Step
s ‘m ~ )y t akes out t h.’ - I i  stort i on’. ot rcu~j t~(,’cj by the filtering process.

3. P , u  r 1 ’ , rj (  t ‘ u  P r (

Th . l a t e  t’it~ portion Of the signals can be used to generate
the *‘-i r ly ti- ’w ’ sign al of a il.-er ~7le p ai r . Th i s makes it possible
t o  reIl(j( e the effects of C l ’ i t t ~~r ~n the ear l y tim e region of the si gnal
m l  to  bett~’r evaluat e the 1n i t ij l  part of the signal reflected
from the t ir let

The t jnnel Ident i ficat ion starts by fi rst recording a set
of h ick sc m t  te reu l  w a v e f c i rins frc~n a ~- mm sc  ~~ er the tunnel. The reco rded
echoes are fir st processed for determining the poles of each particu-
lar •‘rPm~ These poles will IN lude the antenna and tunnel pole
pairs , and possibly ~tPier fals e t arget resonances . Prony’s classical
method ~‘? .lS-?O~ was used for  c a lcu l ati n g the poles . This was done
as ( l i t  lined in ~7’ , by app l yin~ the method u sing various waveform
t ime w O u low . and interval s bet ween t~w s&nples to be used for con-
structing Prony ’s - l i f f e re n r e  e q a a ~~ion c . The ~p l e ct e d  time windows
ire charac terized by th ei r starting t ime and length !minj mpjm length
is d ict ated by the nu,ntwr u~ poles desired). A - u r d i n ~ to the cal-
ri ,) ited poles from each Dar,rleter cot (window starting point , window
lenrl t h. nt inber e ’ poles, and interval between s~wnples) a theoret icalwaveform is o n s t r u~~ t e 1 , and m square error is deter~iIned between

4
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~~e th,uo- .•t i~ m l  m u d  memsu ’ ‘.1 w a v e f o r m s .  F m nal ~~~, the poles calculated
~~~

-, thu par~~neter ‘;et ~ivInq the smallest error are selected. The
progr ,vli “ S i n d u l i r i t y  Lx p a n siin by Pron y” as g i ven by Chan 17) was
used. Othe, f. h niq ue s  ‘ii  h as the Eiqt’nvalue method 171 or Contour
Integ rit i i  I.’ )  I ‘old ~ h been uce(1 for f indm nq the poles.

~~f t.r the pole cah il at ion we st ri ve to isolate the resoonse
from the tunne l alone. Th is is the most import an t step of our
i dent i f ication process. The accuracy of our result s as compared
to other attempts by ‘ t app i?? ) and GEO-CEP~TERS , INC . (231 is derived
?r r ’ thi s process. It is  accomplished through the Pole Extraction
Pro ess and m~ exte nsivel y discus sed. During this process , a l l
the poles ri - u t a ’su lat ed w ith the tunne l are removed as calculated
by rrony s method . Thus , Ideall y, we are lef t with the tunnel
response alone .

F~~l lowi nq  t h u Pole Ex t r a c t  ion Process (anç correction), the
Re onstruc t ion rinus s i~~ used for combating the clutter problem.
It reu onstructs the earl y portion of the tunnel response based on
a pr efl:t ing w m n~~~~u~ it ’ late response. Thm ~ process contributes
to the est imation ~ the tL~nne l response arriva l time .

Fi nall y , he i b ” t if ic ’.! io n Pr tC( .SS can be highlighted by
mapping the ,P(0fl5!r j ! el set of t unne l responses , using a mapping
techn uqi ,’ ‘~~tens ,~ l~ I s ~ u sse1 by Stapp ( ? ? ) .  Such a map can ir id i_
cat” the ‘el it i , ’ tu nne l  po it ion .

!) . St r i ture ~f t ho 1’h~ c is

Th~ çt r j, ture of t h i s thes is is as follows :

n hap t er II the Pole ~a t r act inn Process is llscuss ed. It
pros . .nt c  the der ivati on ~ the difference equat or used for the
p
~ t r i c t iOn of 1~’ l’-e f poles . A lso , various character istics
of this process are exten sivol 1 ana l yzed and criticized.

In h ipter  I I I  we presen t the Reconstruct or Process. The
lifference equat or (150(1 ~ o’- acc ompl ishing this process is der i ved,
a n i~~ u !.1, and cr iti cIzed. Ex~ nples on the performance of the process
w ’ t h  measured wm ~~. or’ ’s  are given .

In Chapter ~V a simple transmiss ion line model of the Radar-
• Tunne l st ru ctu r e is analyzed m l  tested. Appl icat i on of the Pole

u t r j c t  ~nn Process and Pe’onctr uctinru Process is given here for
-: the i :leni i f l c i t  ion of the theoretical target.

In Chapter ~/ measured echoes from a tunnel are encountered.
- I Thp effectiveness of the Pole Extraction and Reconstruction

Pr04-ecspS Is strongly ndi cated here as compared to other attempts .
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ChAPTER II
TH E POLE EXTRACTION PROCESS

A . Objectives

The objectives of this chapter are the followi ng :

1 . To give the deri-~at ion and performance of the difference
ego it ourm usuol for extract ion of a ll undes ired poles from the raw
r .~~ or led wav eform s t the tunne l e ht~.

. To Ii c isc the of f e c  t s of the process on the waveform
i - s o  l i t e d  w i th the remain m l  waveform poles and the importance
f the s vnp l Ing int ~ rvil uce l in the process.

3. To j e r l y .’  ~ method for correct ’n- : ¶h~ various d ctort ions
ur ioq  n the wiv ,’~ orin mss- ~ m at ed w t r  the rema inin g poles due

to the Pole Eit r ac t n” Process.

8. Deriv ation of ~ 
:‘i :ff~~r en- u’ ~ i ja t i on f o r  Extracting

~~~~~~~~p~~~i~~~~~~~~ m t  ~~~ 1.~~~~ à r

T hu’ Pol.’ E~ tract on Prn u~c.. is i ’~ e f f e c t  a f i l t e r i n g  process
l i i  h. ~5h’ I f r  r e m l  t ime aimt at ions , it is accomp lish ed by appl y—

a Ii ~fe r~-fl ( e ‘ q i m t  ion to th~ recorded w i~ of or~~ç As compared
~ c l ass i c al f i l t. r i oi  it w~rk5 n the cn p lex p l an.’ (Figure 2)
f~ r ‘t t r~~ t~~nq (r .

~~mev ri l ) part i cu lar po1ec f rom the recorded echoes
as h, y m r , m l  i t  -a t  ‘‘ 1 by 7ron v ‘ c met hod. s ~ma in advent age Is
c iri~~l i d !  v a n t speed. It avoi ds onvo lit  ‘- -  ~n c ’  frequency spectrum
ci l cui l ~t on ’, as ui - I be r.’luj - r~ ’ w i t h  c l a s s ic  a l  methods. Furthermore,
i~ 

( (ne .‘n t r  at .’s o n ly  n the part i Ala r po les ?cu h.’ ex t rac ted .  j
I n  or b’,- t o  on b r ’ ,! and the  pr oc ipl. of the process let us

as s i ~ ’ an o’- l~ m a 1  w a v e f o r ~i wh o se spec! rj ~ i~~ F(w) and iç character-
i:e 1 by 1 cot  of poles . We w iSh to extract a cot of poles charac-
te rij,’ 1 h, a fu jn li on F 1 (w). ~~~~~~ op.’rit on of the pole extraction
process as f o l  lows :

F
2 (~~) • ~~~~~~~~~~~ . (I)

F .(.i ) is the spectri~I of the ‘‘“ u ’tant waveform. Since we divided
by F (.u), then F2(-.i~ h i’. all the poles of F(w) excep t the ones of
F 1 (u ,, 

. 6
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We proceed n~~ to generate a difference equation for Imple-
a process .‘gu jm v alent to Equation (1). The difference equation

t o r  Ol tr acting one Comple* pole pa ir (2 poles) is first der i ved
a n t  then lenerali: e l for extr actin g several poles. Since we are
interested m e der iving a process to be app lied In the time domain and
iPi,, .avnid spectri,n cal culations , a~ l man i pu l at i ons w ill be worked
n.j’ in th e 3-domain . 3- transform representations are then easily
t r . ’ncfc ,n. rI to l a c ~~r. te time dom,un !25,’~i. Furthermore, we will
on ly  stress c a s e s  dealing with complex conjugate pole pairs si nce
the antenna and - i ll underqround targets are characterized by such
poles.

We ~re r ef e r r i ng  here to one-sided 3-transform defined as

1’ ~
‘z ) T 

~

‘ r ( nT )z ”~, where R(z) is the 3~transform of r (nT) .14
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.Howmn ~ eq uivalen ces between Lap lace transforms (cont in—
t ime) and 3-transforms (discrete time ) should always be at

Pi1 and:

4 i2~l ~ 
(2 )

2 , ‘ iZpq (3 )

s Ti 
(4)

‘‘.1
e cos(”f

~
T) ( 5)

a Im(: ) e 1 sin( ?i f
~

T) (6)

a (7 )

where the - l  t o w m o )  s ~ ih~’ lic notat io n has been used:

s a Lap ! mc I - m n . f or~n operator

3-transform operator

a pole an the s-domain

‘ pole in the z-dcma.u n.equivalent to

a r,’ ,al part ~f pole 
~

a frequency of pole s1

r~~~7 part of pole z
~

Imaginary part -.f pole z~
T ‘ s~r’plinq i nterval of the process

~ magnitude of

i conj ugate of 1,

conjugate of

8
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~P ’ .h )Vm’ notat ion will be consistentl y used in all subsequent
ref t’rt’n ‘c ,

I .‘t ii ’ II~’W repre’ ,.nI our ori g inal waveform, r( t), in the
3-ihziiasn -r f o l low ’ ,:

a 
T * 

— (8)
-

; 
(!—z zi )(l_ z z1 )D(z)

where R(z) is the 3-transform of r(t) (r(t) ,?~~IR (z) ). (z~,z )
is the complex pol~ pa ir to be extracted. The ~est of the den~~In-ator of R(z), D(z), contains the other poles 2f R(z) (tunnel pole
pair ) to remain after the ex ract Ion of (2 11 2 1 ) .

Mult ipl y ing both4sidec of Equation (8) by the representation
of the pole pair (z 11 z 1 ), we obtain

!1
V Q

~(z) ~~~~~ 
a (1— z ”

~Z1 )(l—z
1z’ )R(z) (9)

R ( .‘) the 3-transform of the desired resultant waveform . S ince
have m ult i~flied R(z) by the zero,

R 1 (z) a (l_ z
_ l
z l )(1_ z

_ 1
z

1
) (10)

t i e  pole pair of R(z) at (Z i,1 )  Is canceled out . Therefore, R~(z )
conta ins onl y the poles of 0 (z ) .  Further manipulation of Equation
~

) gives

R~ (z )  . (1-z z -z~~z1+z
2z1z )R(z)

~

t or 

R~(z) (l-2Re (z 1 )z~~
.
~z1 I

2z 2)R(z) . (11)

- - r The above equation can now be easily transformed to discrete time
1. domaIn, to obtain

Ii rp(nT e)1r(nTe)_2Re(al )r(nTe
_T
e)4Iz l~

2r(nTe
_2T

e) (12) 1’

1Rs equivale;t form In continuous t ime Is derived in Appendix A.

9
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- I. the~s vnp l ing interv al during the pole extraction process
and r ( t )  a 3  f R ~ (z ) ! .

The s.vnp lin g interv al Te Is a mult iple of T8, i .e.,

T a N  19

where TB as the basic s~ iap lin g interval of r(t). N must be chosen
so that it satisfies Shannon ’s s..vnpl ing theorem. T~ is implies that

or Ne . (13)

Equat ion (l~ ) as i t stands can onl y generate points which
jr,’ a multip le of I . In order to generate all the points within
th~ I 1nterva~, ‘1p~ced at the basic interval 19, EquatIon (12)
can b~ modified as fol lows :

rp (n T
~
+kT9)~

r (nT
~
4kT8 _?Refz 1 )r

m nle+kT8
_T
e)4

12 11’ rk nT
e

4 k T
B

_
~~

Te ) ; k~ O,l,. •~
p Ne

_ l

naO ,l.”,... . (14)

Th e ahoy . ’ equat ion indicates the time domain ope~ation required for
extracting the comp lex c onjugate pole pair Lz 11 z1). r Ct) is the
residual cit afilteredu waveform after (z11 z 1 ) ha4 been~extracted.The choice of the proper value of T in Fquàt ion (14) is extrenely
important and the imp li cations of t~ is choice wi ll be discussed
later in this chapter.

It i~ essential to obServe that the extraction of a pole pair
requires onl y the knowledge of the pole pa ir Itself and not any
information about its residue . This Is of great advantage since
the values of the res idues are, of course, exc itation dependent.
From Equation (14) it i~ noted that the calculation of one point
of r (t) requires three points of the discrete orig inal waveform.
The Bresent point and two previous points spaced at intervals of
I (or N T ).  This indicate% that the f irst ?N points of the fil-
t~red w~Jform, r (t), cannot be evaluated , 1~ our computer Imple-mentat Ion of Equa~Ion (14) these points were conveniently set equal
to zero.

10
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- ii The method for imp l emt’nting Equation (14) by a digital computer
is shown In Fi gure 3. As seen Equation (14) can be very easi l y
progr~~~ed by a field microprocessor for real t ime calculations

44 
by ~- ‘ip l.. appropr i at .’ shifts and add itions.

•‘--------- T
•

—-~~1 19 
1

9!

j

• : SAMPLES OF THE ORIGINAL WAVEFORM

I t
SAMPLES OF THE FILTERED WAVEFORM

F l qure 1 . r~pu~~
,.r imp l ..1!ent.at ion ~f Equation (14).

- 
(. An app licati on of Equat -~ n ~l4) on a theoret ical waveform

IS Shown 1fl Figure -
~~~. The or iipnal waveform (dotted lmn& Is ccxn-

raose~ of two exponentiall y dec aying Sinu soid~ with po1~s at5 1• s ,r_ i .Meganepers!sec ~ j~ rx l 5  Megarad/sec and s2,s,t_6.pqega_
n~pets/sec ~ j2xx?0 Megarad/sec and res idues at 2.0 t 30.0 for
both pole pairs. lts representation In t ime domain Is

11 
-6*lO6nT 8 6 -3x106n1

8 6r (nT 3 ) e cos(?~x15xl O nT8)+e cos(2~x2Oxl0 nT8).

It consists of 2S6 points with I ‘200/255 nsec. The solid line
is the result when the pole at 1~ 1hz Is extracted. As seen, It
i s a decaying sinusoId corresponding to the s, pole pair (20 P~lz).The pole extraction interval is indicated to be 1018(N *10). Observe
the early portion of the filtered waveform which Is sec equal to
zero as was discussed previousl y. This time interval is measured

I. to be 2018. correspondIng to 15.7 nsec.

Indicates the presence of complex conjugate poles.

n 11
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‘ii here that all subsequent waveforms, measured or
th. iirrt ~cal , will consist of 256 time points.

L A ‘.i t i,a t io r . of importance occurs when the signal associated
w i t h  one of the pole pairs is t ime delayed. This is usually the
case for .‘ tioi’c from deep tunnels. Then , the arr ival time of the

I 
tunne l rocponct ’ oct- urs after various forms of clutter , including
direct coupling between transmi t and receive antennas . In this

‘•l cis° when the antenna pole pair is extracted, there wi l l  be an error
1~ 

region of time length 2N T~, corresponding to the Initial portion
-. of the de l ayed part of t~e echo from the tunnel . An example of

such a situ ation i ’. shown in Figure 5.

1! C. Gener alization of the Pole Extract ion Process
to ~~ve~~1 Pol es

The appli cation of Equation (14) can extract onl y one complex
conjugate pole pa ir at a time . A s i rn i l” r  ~‘r’?reac h to the derivat i on
of Equation (14) can be used for deriving difference equations to
extract concurrentl y several poles . The resulting equations will

— just be stated.

- 
The difference equation for concurrent extraction of two complex

conjugate pole pairs (4 poles) or less can be shown to be given
by

rp(nT e+kT8)rr (nT ,~
#kTB~

_ c
l r(nIe+kT9

_ T
e)+c2r (nTe+kTe

_?T
e)

•c ir~ nT e+kT 9
_ 3T

e )+c 4 r ( nT e 4 kT 8
_ 4 T

e );
- . n’O,l ,2,...

- 

(15)

[1 where r (t). r(t), N~. I and I are as defined previous ly, and
the coe?ficients are cal~ulated8to be:

I c 1 ?fRe(z 1 )+Re(z2)J

11 Iz 1!24iz~i
2+4R e(z 1 )R e( z2 )

(1 C3 ? l Iz 1 I
2Re(z 3 ) + Iz 2 I2Re(z 1)l

11 ? 2(
4 ‘ 12 1 1 1z ,l .

U

II 13
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(z ,z~) and (z ,,z

*) are the 3-domain representation of the complex
.a’~ju~a te pole~pa~rs to be extracted. Since four poles are extracted ,

it is seen from Equation (15) that the calculatIon of a sing le point
of the filter ed waveform requires four previous points of the ori ginal
waveform and it s presen t point . Therefore, the filtered waveform
cannot be c~alcu lated in an initial time wondow equal tc 41 t this

L daft . ronca’ equat i on when two complex conjugate pole pairs Sre ex-
trac ted concurrently.

• 
- The difference equation for extracting three complex conjugate

pole pa irs (6 poles) or less is

rp ( n T e+kTg) sr (nle+kTB )_c !r(nle+kT$
_T
e)+c2r(n le+¼TB_2Te)

~
c3r (n T e+kT9

~
3Te)+c4r(nTe+kT8

~
4Te)

_c
5r(nle#kTø

_ST
e)+c6r(nle+k18

_61
e); kaO ,l ,...,N

~
_ 1

n’O,l ,2,...

( 16)
The coeffic ients , c

~
, of the above equation are given as follows:

C
1 
‘ 2 [Re(z1 )+ Re( z 2) + Re )z 3~

c2 v l r 4 I z 2r+ Iz 3~
244Re(z j )Re(z2)#4Re(z2

) Re(z
3)+4Re(zi )R e(z 3)

c 3 ~
‘
lz ll

2Re(z ? +z ) ) 4 1z ~ I
?Re(z l.z 3 )+ Iz 3 1

?Re(z l+z 2 ).

4R e (z 1)Re (z~ )Re(~ ) :j i  3 .....

~

41z2 1
2Re(z j )Re(z3)+4tz3 I

2Re (z1 )Re(z2)

1 c5 2 J z l 1~
’lz?I

?Re(z3)+(z3I
2
Iz l l

2Re (z2).jz2I
2
lz3 j2Re(z l~J

[1 C6 
a 12 1 1 12 2 1 12 3 1

15
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I

where (z,,z’j ), (22, 2;) and (23,2;) are the pole pairs to be extracted.
It is seen, that the coefficients of the difference equat i on increase
to the n inber of poles extracted concurrentl y. In addition , the
nwnber of previous points required for calculation of a sing le point
is also equ a l  to the nr~er of extracted poles. This necessitates
the expans ion of the error region of the filtered waveform , equal
to m I , when m comp lex poles are extracted concurrentl y. Larger t ime
windSw~ of the ~rigi n al waveform are then required or smaller TeIf we ~rp to as’ r 11 (t) in c’ihc~ qtjent processinqs. Thi s prrhl~~ii
t .sn ‘.‘ al l .v  a - itecl fiy us~ of ~~~ ori s t ruct ion Process 1 s~ussedI Ii t ~l . 1~~ ~ t - h apt s ’  .

r h ,. computer subroutar.t~ g iv e r in Appendi x C imp1.-~w rt s Equation (
(16). An application of Equation (16) is presented in Figure 6. &The results were produced by the main program given in Appendix
B which also uses the pole extraction subroutine. The dotted line
in Figure 6 is a theoret ical wavefort~ composed of three complexonJuqate pole pgirs located at s1,s 1 ’-6.P4~ganepers/sec ~ J2iaxSO.
*!q4~ad/sec, 5252~

.6. Ptt~ganepers/sec • j2ix4O. lu~garad/sec ,
s31 s1a_ 6~pI~eganepers/sei • j21x20.Megarad/sec , with respective
residu es at l . .jO., l ..jö and ,2..jO. TPie~solid line Is the result
a f t o r  the extracti on of (

~ l’~ l ) and ~~~~~~ 
It Is ~imp ly an ex-

ponent iall y decaying sinusoid corresponding to (53, 5 3 ). The coef-
ficient s are calculated to be:

C
1 

~ ~.46/69I

3.4?6065

C 3 
a 2.3/65)6

‘ .9 ’ 1 4 7 l

for Ne~
4
~ 

Note that the error reg i on is equal to 4NeT B* l? •SS nsec.

A generali zed difference ~quation can be found for extracting
any n~iber of poles, m . The j-transform representation of the
filter ed waveform afteF the extract ion of m poles can be given
as e

me
‘ R(z) 

a- ’ l 
(l_ z i z ’) ( 1 7)

where z represents the extracted pole. If z is complex , then
the pro~uct must also Include its complex conjugate when work ing 

[1
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with real waveforms. Expanding the product of Equation (17) (24 1
and transforming to the t ime domain we obtain the follow i ng general
pole extraction differen ce equation:

m

r ( nT .kTB)~
r(nT +kTB).(~

l ) ’ ‘
~ 

zt
r (n T e+kT~

_T
e)

in me
(- 1Y V 

~ 
Z Q~ r(nT +k1 3-?T0)t 1~ l t ? 1 1 ~

m m me 
z~ ~ r (nT e

+k1
8
_ 3T

e)

‘l’~ 
t:,~ l t 3

:l 1 2 3

t l ,~t ?~’t 3

zt zt
.. . z

t
r ( n Tp4kT8.iT e)

t 1 lL~~~. . .�t 1

~1

(- l)~~ Z t ~~~~~~~~~~~~~~~~~~ 
r(rT +kT

B~~~
Te); p ,,~.l 1 •

- -

~~~~~~~~~~~ — l
n,O,l ,?,. . . (18)

T Pu’ ?- t ranc fo rm representation of this equation also appears in
Chap’!er IV of Chan q’~

18
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I i -
~~ i d .  t & an • i I y v•ir it y that L qu at ion ( I H) ifi hi’ read i I y retlu i’d

t i  Fquia t i i’a ’ . (I-i ), ( l~ ) or (16).

D. I: ff.’cts of the Pole Extraction Process
t~it’ ~ f~’i~~~~~~oc iated WI ti the

. • - - r~ ~rj  ~~~~ 
- __________________

.~ t a r n  -~j ’ attent ion t ) another important parameter
ot the po i .- extraction process , it s sampling Interval , I . When
L~ s tt i . in  ( l a )  is used to extra ct the desired poles then ~he residues
-i’ ’c~ ate1i with the remain~ier of the wavefo rm are changed in both
m a g n i t u de and phase. These mod if icat ions will be shown to be a
-‘a m f -a n t i n  of T and also the natural resonances . To acquire
.a ‘.‘.l i n i  fo r t i i,.~~~ effects we ref;r to Fi gures 7 and 8. The ori g i n a l
md v e f L~P ’ ~ is c ciiipo~ ec1~ of poles  ~~~~~~~ Meganepers/sec + j. i xl5.
M-~ arad/soc and s?.s~~-6. ~~

ganepers/sec ~,j?’x ’O. ~~garad/sec with
re s i lu.’S ~if ~~~~~ ~!n both faqu r e c (

~ 1’~ l~ 
is extracted. The

,~~t rm (t ,o n interval of F iqu re  ~ ~~ 5T B (T B~
5
~~~

I ?55 n~ e c )  and that
2 -)f Figure R as 918. The f il te r el waveform Is characterized by
Y po1.’ pair (s, .-~- ) ,  but it s magnitude and phase ~s jifferentfor eac h •‘ ( t r - , ( t ion interv al , in fact , none of these resu lts corres-
pond tv~ the prope r r ’ ”-idue of the ori g in al si- ~n i1 associated ~‘th
t he pole ~~m I r  ( s,,s~ ’ i ts proper f o rm is also shown for comp~r ison ’ .
The cas • ’  when the o~ iq in al w aveform is compo~ed of poles ~~~~~~~~~~rs / sec j ’- ~3O. ~~ga rad/sec and s ,ç~~- r _ f ~, Meqane pers/sec
• ~:o. ~~•q-i r ad~’ se ~~ th r”s idu~ s of ?. .j& ~~, shown in F lq j re  9.
~h. .‘~ t r a ct  ~on ln t . ’ rv  ml is 518 (sane as in Figure 7 ) .  •~s seen ,
the resi - lue )~ the r ining signal does not have the same amp litude

o~ as~- a- - ‘
~~~ ‘ ~ i i-ir~ 

‘. The i. ’a~. A r - ~ &n~i1 m~ 1a• i.— phase
1~ S ’ - ‘ ~~~ i n - . a r .~ ~n- h cj t ° d - ‘ ~ hI ‘ ‘ - - - : ~.~~ t i v e  • :-Jr es .

n r Ier • ant I ~- it I v ’ •‘ preser~ n~ - “~~ e t  s of an~i the
• - x ~~’ a~~t .-J pole pai rs on t h~ r~~~i~ rnn~ s ;qn~i1 , a ~~-iple 2 -so le pnr

— 

- • 
(compl ex conj u qitef waveform of the form

- •  r (n 18).2I A iI e cos(w 1 nT8
i.ci1 ).2 A2Ie c o s , , n

3
+a

2
)

( 19)

as first studied. We wi ll t h e n  generalize our resu ’ts to include
add ition al poles. The -transform of Equation (19) is

a a

R (z) 
1 -~T 

+ 

I- 
(20)

ii a a jcx 1 j
~2where s1, s1 ‘1 tjw1. ~~~~~~~~~~~ 

A 1’~A 1Ie and A2~IA 2le

19
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‘ 1  *

The extraction of pole pair (z11 z1) Involves the multiplication
of R(z) by Equation (10). Then, the transform of the filtered waveformI is qiven by

* -1

1. R~(.~) • A 1 (l—z z1 ) • A 1 (l— z ‘1~ 
+

A( l-2Re (z i )z
’
~ .Iz i1

2z’~
2)

+

-

~~ I-i

- - 
A~(l-?Re(z 1 )z~~+Iz 1 t

2z 2)
~~—- -—-- - -  - - - -  . (21)

-z z2

1. Expanding the last term of the above equation , we have

A2(l-2Re (z 1 )z ’’+11 1 f
2z 2) 

_ _—— I
1-i z~

A -1 2
_____ - ?Re(z 1 ) -T + J 2 ~ J _

~~~~

__ (22)
l-z 2

? 
l-z z 2 l-~

Performing long divis ions , we find that

• ap -l z2
_ _ _ _  - 

fZ~~~ 

+ (23)

and 
-

-2 (z) 2 4 1 
______

l-z 1z2 
- 

J z~ 
- + 

~~~ 4i l_z_Tz~ 
(24 )

The expansion of the t~1rd term of Equat 1~n (~1) is similar to the
above, If A 1, 12 and 22 are replaced by A 1, 12 4nd 12, respectIvely.

23

_ 
_  _ _ _ _ _ _ _ _



After substitution of the above expansions in EquatIon (21),
we can express R~(z) as follows:

R~(z)

- 1:
1

1 (A
2(z;)

2;A:cz2)
2
~~

]

- Z A 1 z 1 • A 1 z 1 • ~~~~~ 
(A 2z 2.A 2z 2 )

- 

iz ,I j

a
A, A,

• :~~.
L~~~~~

Z 22 l-z 12J

•
A,z 2 2 A2 (z ,) 1

• , -2R.--~z 1 ) 
—±-------

~~ 

• 1z 1 f
I (z.I l-z z

2

- A,:, , A ,(z ., ) I
• -?Re (z 1 ) —‘ - - -

~~ • I i ~~l 
~~~~~~~ I 4 -. - (25 )
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2

1 (2 2 $ j  1-z 22

‘ho fir st -mn , 1 second term of R0(z) in Equation (‘5~ corresponds
fri impulses at t~ fl and t~T ~N 1’s , resp ect ive l y. As was Indicated
previou sl y, these points c~nn~t be calculated by Equation (12).
Therefore, they will be discarded in the rest of our discuslion.
The thir l term corresponds to the original pole pai r , (Z’),Z2).This is the desired result. The fourth and fifth terms ~re distor-
tion terms and correspond to the var i ations on the magnitude and
phace of the residue for the signal associated with the r~ iaining
pole pair . Therefore , R0(z) can effect-i ve~y be written as the si,n
of the original signal with poles at (2

?,
:,)  and the distortion

terms. Note that these terms involve 21 ahd z, which are functions
-al T

In order to understand th~ effects of the distortion termslet us proceed by first invert ing theii Into time dc~nain . Thus,
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Distortion Terms

2, 
- ? J A  

Re(z1) e
(
~
Tee

32 T~+kT8) 
{e
iE2 Te4kTB 2 ~~2

Te1
2 

t~~t2

1] + e
i
~~2 T e~~

T
~~~~~

J2 T
d])

- .  
• $ A  

(2 1 (
2 

e
?02Tee

o? T~+kT~) 1e
j
~~~

h T 8~~~
2w2Te1

2 (
~~~~~~~~~~~~~~~~~~~ 

;k*O ,l ,...,Ne l
e n”O,l,... (26 )

or

Distortion Terms

(o 1 -a2)T 
0
2(nT •k18) 

—

-4$A 2{e 
ecos(W T )e C COS~

J
2(flTe+kTB)+~2

_W
2TeJ

? ( O
l

_
~~

5) I
C 
o2(nI •kT8)• ? ) A 2 je e e cos

~~
&,(nT

~
.kT 8 )+cx2_ 2w2T.];

1~~ 

‘ kTO
~

l b~ • •~
Ne

_ l

IL  n.O,l,... . (27)

r For6our waveform s, typical values of a a~d a are in order of
-10 Nepers/sec, while those of T~ in lo ns~c. We can then
use the approximation

Ii ° T
I__ i 1 e e 2 C 

~ 1 . (28 )

ii According to this approximation, r (t) (Equation (25)) can be ex-
pressed as follows:
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- 1
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~
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~
)
2Te J

(0 1.02)1 u2(nT •kTB) — —
~.?~A,fe 

C e - e coc (nT e+kTB )+~2
_?
~2

Te ‘

k20,l ,. ..
nu.O,l ,... . (29)

After further manipulation , by us ing some of the cosine i dentities ,
we arrive at the important result :

a (nT •¼T 8-T ) .— —
~r (nT .k T~ f -1$ A ,(e 2 e e cos w?(nIe+kT B

\+(1)
_
~
IJ,Te~ 

x

I e
~COS( ,~~T )_ CO5 ( 1 ,, 1 T c 7  ; k~~0 , 1 ,.  ••~

Ne
_ l

n~O, 1 , - . -

(30)

We r )an l(JdC that the signal associated with the remain ing complex
c i r ~juqi tv polo p aIr w il l be shifted In phase by

(31)

car equiv alent l y will  he time increased by

t~, ~~~~~~~~~ 
a N T 8 Te - ( 3 ? )

It w i ll also be ,implitude distorted by a factor

— ‘I n
A122e 1 C

lc o5(? fi fN T )cos(2 li fN T d (33)
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We observe that the t ime shift does not depend on the inter-

-~ I acting pole pairs. It Is equal to the extraction Interval . Con-
~erse 1y the ~ p1itude factor does depend upon the frequencies of
the pole pairs and also T . If it is negative, this Is equivalent
to an additi ona l phase shtft of A •-~~ or a ti me increase of

• . When s~~~ling at the Nyquist rate (EquatIon (13)) of
a. 2

f, then 0 is multiples of w. The ~np1 itude factor (Equation (33))
- I It plotte~ in Fi gure 10 as a function of f2. I t is  interesting
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F Igure 10. ~~~1itude response of the pole extraction
pro cess ( Equati on (33 )) vs. fr equen cy

U (f 2 ) of the r~~aIn1ng pole.
p

to note that the ~~plitude of the filtered wav eform can Increase
r fourfold when * ?NeTR a2fl v and (11lNeTB (2fl 4 l )

~ e and conver sel y. But ,

fl 27
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. i - -lI I t)  I~~UUt ’ 10, i t  a -a n d’M van i sh to /t-ro when 4h
~?
N
e
Tf3~~

fl1h
.inii w INl.IB~

:’I n - Ths- r .- t i t ‘- , we ira~r t  always ‘~.-I i~ t a -~ainpl ing i nte rva l
a ch lift - -, nut hr iii-) u’. r lo- .t’ to the zero cross ings of the ~npl 1 —

t-il .’ re” ponsa- . In add ition , when N is small , then the two cosine
term s approach I. Thu’., the .~np li t~de factor tends to zero. This
is the rei- .on for perf otri ing t ’ ia - pole extraction process at a s~np-lang interval close to the Nyquict interva l of the extracted pole
pair with the highest frequency [7 .

It sh oul - l be noted that Equation ‘30) is not valid when Z~~ Z,.
For th is c- a c t - Equation (O) must be modif ied to treat double po1es~It can be t-ri l y shown that when double poles are encountered , there
i~~ no li st o rt io n . A f t ~- a extract ion of one of the complex conjugate
pole pairs , the signal associated with the remaining sing le pole
pair is r.’turned in its ori g inal form .

Furthermore , Eq ua t i on  (33) can be studied for the rase when
the extracted pole pa ir as slightl y different than its actual value
in th.- wavefor-a. h is is general l y the case with measured waveforms.
The po les aI: - j l a t rd by P r ony ’ s method are an approximation of the
i( t u a l -~ n~’~~~ The a C’ l racy of the results depend on the noise and
Cl utt er leve l present an the waveform ‘7,18~ . From Equation (33)
we observe t ha t if the f ’ - v i a t ~~ -n in frequency is small there is
no o re-a t  dete r io rat ion  of th.- process. The cosine terms are almost
- ‘qua1 -m ci th - - n p 1a t 4l~’ fact o- bec ,imes negl iq ibla ’  (Equation (30)
io~” to zero1 . Any deviat ua n in the real part of the pole pair
is less crit ica l (so.’ Equati on (?$ f l ) .  If it is large , then the
cla’cired pole pa ir ~i 1 l not ti ’ extracted completel y, but it w ill
be reduced a n magnitude, as in the case of frequency dev iation.
When the measured dat a are v e r y  noisy It would be help ful if the
poles Ira’ calculate d in am in order to evaluate the pole extraction
process. It might be necessary that the pole ext raction process
ho r.’p.-atel -aga in cal ror iin g to the new calcu lated poles.

In order to ev alI~mt .’ our results in Equations (32) and (33)
we a - an compare them with the measured ones in Figures 7, 8 and 9.
Referring to Fi gure 7 according to Equations (1’) and (33) we have:

q nsec , AF~ - .51

or

t 5~38.8 ns ec , AF~ .5l .

SimI larl y, for Fi gures 8 and ‘~ we calc u la te;

t5~4?.6 nsec, AFa .92 [
28
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~ I 
‘~~9.8 nsec, AF al .14,

respectivel y. As seen, Equations (32) and (33) perfectly predict
- 1. the time shift and ~np litud e distortions .

Ii E Correction Process Involvin g Interaction of
Two Comp lex Conjuiate Pole Pairs

The ~np 7itud e and phase distortions on the signa l associated
wi th the remainin g pole pa ir due to the pole extraction process
is an undesirable effect. We want to obtain the remaining portion
of the waveform in i ts  ori ginal form . Otherwise , errors w i ll occur
in the tunne l i dentification process to follow . It will be seen
in ~hapt .’r- -, IV and V that if the resultant target response is not
properly t ime placed , then errors will occur when determining the
target’ s depth and pos ition . Furthermore, &np ll tu de distortions
could obviousl y diminish the orig inal tunnel response.

It is essent ial , then , to correct for the ~np litud e and phasedisto rtions after the pole extracti on process has been completed .
This is eas il y accomplished , us ing Equation (30), as fo l lows :

r (t) a r~(t+t 5) /AF. (34)

where r
~
(t) is the corrected waveform.

The correction process of Equation (34) was app lied to the
f alter ed waveforms in Figures 7, 8 and 9. The result (solid line)
-i ftn r correct ion is shown in Figures 11 , l~ and 13 , respectively.
For comparison , the actua l form of the si gnal associated with the
original pole pair (s,,s,) Is also plotted. As seen there Is a perfect
match of tDe correcte~ ahd original signal associated with pole
pair (s2,s2).

The correction process will be incorporated in all subsequent
pole extractions. When we refer to filtered waveforms It Is assisied
that correction has been already performed.

L F . Correction Process Inv olv ing Multiple
(Complex Conjugate) Pole Pafrs

I n the previous section we discussed the correction process
a (Equation (34)) when two pole pairs (complex conjugate) were Involved.

Obv ious ly, measured waveform s w i l l  not necessarily consist of onl y
two pole pairs. Two questions can then be raised : How is the re

29
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ma i ning w . v . -to,in .‘ffecta ’d when two or more pole pairs are extracted
a oci. iirrent ly, i t i d, how do we account for the case of a remain m gr ‘, I ajfl j I i. ‘.O( 11 t •‘d w t Pa amit .- than one po 1t~ pair?

The first question is easily answered by observing that each
extracte d pole pair will affect the signal associated with each
rem aining pole independentl y according to Equations (32) and (33).
Therefore, the correction process is performed by the appli cation
of Equation (34) for each of the extracted pole pairs on the re-
maining. This type of multiple correction is included in the pole

- - extract ion subroutine in App endix C. An examp le of multipl e pole
pa ir extraction and correction is shown in Figure 14, corresponding
to the uncorrected case gf Figure 6. The ori g inal si gnal assoc iated

• with the pole pair 
~~~~~ 

is also plotted for comparison .

The second question can be difficult since the correction
process requires the separation of the sign al assoc i ated with the
remainin g waveform pole pairs. This case is not encountered in
tunnel identification , since the tunnel can be characterized by
a sing le pole pair . A method for performing such an operation is
diagr~~maed in Fi gure 15. We have an original waveform consisting
t-cf pole pairs A , B, C and 0. We wish to extract onl y A and B.
Pole pai rs C and 0 are to remain . The pole extraction process takes
two d i rec t ions  ira this case. In one direction the signal of pole
pair C is Isolated and corrected appropriatel y, and In the other
the signal of pole pair 0 is treated likewise. The last step Involves
the addition of the corrected signals with pole pairs C and D.
This approach ~s effect ive on a theoretical basis. The author has
not exploited the method when dea ling with measured waveforms.

Ii
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lgure 15. Pole extraction and correction with multip le
extracted and retaining complex conjugate
pole pairs. 
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CHAPTER III
THE R~~C 1)N’5TRUcT ION PROCESS

A. Objectives

The ob~~ec t  iv~~ of th is chapter ~ire the f~~llo w inq :

I . To d i s c u c ~ th. proHem s associated w~ th cl utter and clIpping
ri t ~~~ ~-ack Scattered ‘. t  ~~~~~ 

-~r1~ I r ~w-n the t jnni’

~~. 
‘- -i. ’r~~va- and ~1 i’ ~ u - - - - the proper app l icat ion , and advan-

¶~a c p. ”. ~~ f the ~e& aan5t r ua tion Process used for overcoming the clutter
prob lem . ~h ic involves .i s ’~v

)c difference equa t ion  which uses
a portion o~ the late t unnel  S”~~on’~s ’ to rec n~ truc t its earlier
time port ion. . A cr iterion for svle cti n g t hi s late port ion of the
tunne l r . o n — e  I~ also ~resc n~~o~1. For the sake of completeness
t h .  r,-a .)fl-t r U , i~~a’ proc .~~s is ia’na- r .a l izci t i  recons t ruct  target
r e . p o n . ..ss , ( h- i ’ ~~~ te r  iz.’:i w i t h  ri-ace - ,’ tha n a ri a - PUIC pair .

3. To app i~ t he reconst ruc t ion  prS -I( ess  on measu red tunnel
r .pia ric. ” . T h i s ç acccrip l i - ~h.’ j ~~~~ • a rct extr act in -i the antenna
poTs - p a i r  1n i po~sib l~ other f a l~ .- t irqa’t rr-snr~~nc,’c. The char—
i c ? . -r of the r,”, ~_ s- al S~ - l n jl i fter t’~ pole .- it ract io r’  proces s Is
c 1 r. ~ i~ i c - I -a n~I discussed for the ir ’ ,~~ t and •—I fect i ye app l Icat Ion
5 af t~ ’s. s- ’-~ ; n - .tr ~ c t ‘ -S r i pro( ec c, l~~~is s- I ’) . ~t ‘.-~~ 11 be indicated
‘hat ! “. -  7 i t o r  t ime of the ‘ i lterecl w •‘ ‘iir~ w~ TI conta in the tunnel
respon e .-s - l-a •.i. -h’. a’’sa~a~pt ‘ ir c l- ~t ter ~an~ nr’ ise .  T he refore ,
the port a n  ~f t b i ’ .5 ~fl i.- ’ a ~.‘ an S~~~A i r ~~ orr~~r — i t e r . i r , is c hosen
f ’r  ,,- s ’ ’. ! r _ s 5  a n - ~ hi’ ;nne l ‘. nr ~~ s’ . T h _ ss , we obtain a N c l u t t e r

m l  n o’ S I~ fr,-e l- _ s rn~~1 ‘-~- -- :~~
n- -” ‘f  we c -an indeed fin d Such a window

~n t h.’ 7 it I jnn~- 1 ‘ s ~~:) cr ’~ a5 - ~he r~’ç ‘ m c  rt j c  ted tunnel response
wIl l be ~~ - . ‘ 1 i t s ”  for s -’ - t i— ~it m i  the tjn ne l  depth .

13. The C l _ s t  Icr Pr~-s ti~ .~p

In the introduction ~t was int e l th a~ the earl y port innof the ha~~cc atter~d erhoec were dominated by clu tt e r . This is
-‘-- - ai n l- ~ h is- to ‘jrnun l ref lec t ions. Such clutter creates hi gh voltage
~ei . s which were c Tappa ’~ before pr ocec Scrm i by the recording oscilo-op~ . l y p  a l  I ann a— i hacks cattered echoes are shown in Figure
16. These were obt ,mn .-’l from the tunne l sit e to he discussed in
Pa ip?r’r V . ~‘u

-’ir late t ime portion was fijn j by Prony ’ s method
f o ( cra i lin t wa n a t u r a l ‘- s’c nnanc -es or pole pairs (complex conj ugate) .
~ ns ’ corresponding Ic’s the antenna and the other to the tunnel .

I
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Appearance of clutter in the ear ly portion of the recorded
1. waveform disrupts useful information. The most important one Is

the arrival time of the tunnel response. knowledge of this is
essential since It w i ll enable us to estimate the distance of the
tunnel’ s top from the antenna. Furthermore, maps constructed from
echoes of a set of measurements when the radar Is p1ac~-4 above the
tunnel become difficult to read and the region corresponding to
the tunnel depth cannot be i dentified unless some previous knowledge

- ~~
- about the depth is given. Basicall y, clutter is an undes ired effect

that contains no apparent useful data. In addition It disrupts
* the good data to follow .

~ I~ Stapp I?? ) and a group at GEO-CENTERS, INC. attempted to con-
struct maps without accounting for the clutter interference In the
recorded waveforms. Their maps are confused and do not clearly
contain the distinct tunnel behavior as a function of radar position
when the radar data are used to develop a map. It Is quite difficult
to obtain prec i se information about the target using their

—~ maps.

C. Derivation of a Difference Equation for
Reconstructing the Early ~

‘unne1 Response

A method i-s introduced here to overcome the clutter problem.
I t is used in conjunction with the pole extraction process and It
will be referred to as Reconstruction Process. It is applied after
ALL undesired poles (mainl y the antenna pole pair) have been extracted
from the ori ginal waveform. Thus, a tunne l response alone is ob-
ta m ed. The reconstruction process assomes that any Informat i on
contained in the earl y portion of the recorded waveform cannot be
extracted. Therefore , it is discarded. In consequence the l ate
tunne l response is used to reconstruct it~ earl y response basedon the knowledge of the tunnel pole pair as determined by Prony’s
method. This Is accomplished by applying a difference equation
to predict earl y point s from later ones. The derivation of the
difference equat i on used for reconstruction will now follow :

~ i i
let us asstxne an original echo consisting of m +2 complex

po les. The two correspond to the tunne l pole pair a~d the other
m are undesired. After their removal , the 3-transform of the
ftltered waveform (It was noted at the end oY the last chapter that
all filtered waveforms are assomed to be corrected according to
Equation (34). The reconstruction process has no usefulness unless

[J the filtered waveform is corrected before reconstruction) can be
expressed as

a •a 1z 1

1 2 ~ (35 )
C )-2Re(z 1 )z •~z~ z
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_ s a - s~~ - (z 1, z )  is the remaining tunnel pole pair . Multip lying both
sides of Equation (35) by the denominator of the fraction on the ari ght hand side gives

( I
~

2Re (z 1 )z ’.Iz 1 (
2z
~~

)R
~
(
~
) a0+a 1z~~ . (36 )

The right hand side of Equat i on (36) Is a first degree polynomial
in . Thus it can be expressed as

( I _ ? R e ( z 1 ) z i . tz 1 (
2i 2 )R

~
( Z ) z A ( z )  . (17)

Transforming Equat i on (37) to a discrete time function , we obtain

r ( n T
~
.kT3) - 2Re(11 )rc ( nT r+kT8

_T
r)+

lz iI
’
~
’rc (nT r kT 8

_2T
r ) • r~(nT,+kT8) ; kRO s l s~ •~

p Nr~
l i

n.O,1 ,... (38)

wPiert’ r (nT ) - 3~~ (A(z)I. Note that Tr again is not the basic
s~ynptin~ m n~ervaT of the original waveform, T8. ft Is a mu ltiple
~f T~ , i .e.,

Mn 8  . (39 )

The important observat a~ n to be made in Equat ion (38) is that:

for n > 2 . (40 )

Th~ r~ f ore,

rc (n T r~
kTB)_?Re(z l )rc (nT r+kTB

_ T
r)4~zl I

2rc(nT r+kTB
_21r)tO;

n 2, k*O~
l I~ •~~Nr

_ l . (41)

Rearranging the above equation, gives

40
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£ 2Re(z1 ) 1rt (nT r#kT8
_?Tr)e 

- rc (n T r+kT8
_T

r
)_ — 

~ 
r~ (nT ,.+kT~ );

12 11
n 2, kRO i l t•~ •~

Nr
_ l • (42)

II This equation can predict an earl y point based on the knowledge
of two la ter point -s and the (tunnel) pole pair assoc i ated with the
portion of the waveform to be reconstructed. The equation is onl y
good when applied in the reg i on where the tunnel pole pair is cor-
rectl y described. Therefore, it is true for the region

flTr tc+meN T 842T (43)

1•

-~ 

~ where t represents the starting time of the portion of the waveform
asc~cia~ed with the desired target , i .e., the tunnel as shall be
dI~,CUS6e(l later in detail. As before N T is the extraction interval
used when .‘~tractinq the m undesired c~*~ lex poles . The term
m ,PIeT8 accounts for the error region due to clutter and clipping.

• These po ints are better i l lu st rated In Figure 17. There, the antenna
pole pair (-27. Meganepers/sec ~ j2iix45.5 Megarad/sec) of the echo In1. Figure 16(b) Is extracted. The respective region-s are Indicated on
the graph . The late portion of the filtered waveform contains the
scattered field from the target (tunnel) almost exclus ivel y. There
are, of course, other signa ls that could be present, caused by clutter
and other scatterers if their resonances are within the radar band-
width . In this case the poles of these scatterers ~fa1se targets)must be removed by the extraction process as was done with the antenna
pole pair for obtaining the target response exclusive ly.

1 1 Note that in Equation (4?) new l y generated sample points can
be used for reconstructing earlier ones. Therefore, onl y an initial
~errorless time window of l ength ?N T~ Is needed for the recon-
struction process to begin. In practi~e (see F igure 17) we actually

I 
never encounter an *errorlesS

_ 
time window. For thi s case we strive

to choose the window that best describes the tunne l pole pair calcu-
lated by Prony ’s method. This is the subject of the next section.

II The implementat ion of Equation (42) is similar to that shown in
Figure 3, except that reconstructed samples are used for the region
out of the chosen initial time window.

Furthermore , it is essential to realize that Equation (42)
does not assume the presence of any dc term in the filtered waveform.

- It Is Imperative then that any dc Is removed before the process
is applied.

11 4 7
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0. Error Criterion for Selecting the
Base Time Window

I ~~
‘ The problem to be encountered now is the selection of the

initial (base) t ime window to be used for reconstruction. The
cr iterion for r~uch a decis ion was chosen so that the first recon-
structed points must best fit the filtered waveform. In this case
the reconstruction process is applied by using different base window-s.

I.. Actuall y, the portion of the filtered waveform beyond the clutter
region is scanned by shift inq ~he base window from right to left
by T8. For each base wirdow-used , an error, Cri Is calculated as

rC (iT B)~rr(iT B)12
i~~57-N -k

— er - - 
‘ 

(44)
k

where r (iT s) is the filtered waveform, r (IT ) Is the reconstructed
wavefor~, N is the re-construction start1~g pRInt , counted fromthe end of bie waveform, and k is the ntsr.ber of first reconstructed

J i  
points that er w i l l  be based upon . The waveforms are asst~ned tobe ?56 points long. ~s seen, ~r 

is an average square error between
the filtered and reconstructed waveforms. When scanning Is com-
pl eted , the window with the smallest er is chosen as the base for
reconstruction . Other error criteria are possible. This criterion
will be used for selecting the proper or best base window to predict
the earl y target response. Experience has proven it to be effective.
It should be understood that the reconstructed tunnel response Is

• - onl y true up to the arrival time of the actual tunne l response.

* 
The reconstructed section preylous to thIs time is just ficticlous ,

1~ 
but i t  w i ll be found important for evaluatin g more precisely the

I. distance to the target. A theoret ical study in the next chapter
d.’mnn~.?rates that the first zero crossing of the reconstructed
waveform after its dev iation from the filtered corresponds well
to the target (tunnel) - antenna distance.

* 
F .  A Discussio n on the Reconstruction Interval , Tr

Another important aspect to be examined is %he reconstruction
in terval, It must always satisf y the Nyquist criterion for the

I - tunnel pole pair. to be reconstructed. It does not play as important
a role as the pole ex tracti on interval . Tr should never be toosmall , for example equal to T~. Then , the process may fai l. It

fl will attemp t to reconstruct n~ise s ince I t is within Its frequency
Li band. An example Is shown In Figure 18. Here the filtered waveform

I a
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I
in Figure 17 is reconstructed after bandpass filte ring through a

I 
trapezoidal filter wit P’ corners at 5,100 and 175 MHz. This filtering
removed any dc term and hi gh frequency components. The chosen T rwas small (4T B) as compared to the tunnel pole pair
[-38.Meganepers/sec ~ j2wxI9.37 Megarad/sec] Nyquist interval. It
is seen that some noise is carried along in the reconstructed section .

A reconstruction interval close to that required by the Nyquist
cr iterion for the tunne l natural resonance is usuall y best. But
this may require a long base window. Such a window , within which
the tunne l pole pair is described correctl y, is usually not available.
For example, a pole pair at 20 MHz has a Nyquist inte rval of 25T D

1, (T~=20O/255 nsec). A base window of about 501R would then be ne~ded.It was Lund, the interval used by Prony ’s method for calculat ing
the natural resonances (poles) works well for the pole extraction
and reconstruction processes. This interval was used for recon-
structin g the filtered waveform in Figure 17 . The result is shown
in Fi gure 19. Comparing F i gures 18 and 19 we see that use of a
larger reconstru ction interval (N r rg)  reduces the reconstruction

- of noise. Therefore , rr can be effectivel y used for filtering out
undesir ed hi gh frequency components.

The recons tructr&- $i waveforms are cilculated by the computer
subrout ine given in AppendIx 0. Another example of the process
is shown in Figure 20. The f~ J tered waveform is the result after
the extracti on ~ f the antenna pole pair !~ 43.6 Meganepers/sec

~ :.‘xr69.O Meqarad/secjof the echo in Figure 16(c). It wa-s also
f, lt~ rpd by the trapezoidal filter discus sed previousl y. The re-
constructed tunnel pole pa ir was located at [-V.6 Meganepers/sec

• ~ j?wx?1.9 Megarad/se4

- 
F . Generalization of the Reconstruction Process

The recons’’ j t ion process as given in Equation (4?) can onl y
reconst ruct one pole pair . The antenna pole pair and all false
targe t rP .nn inc,’s nus t first be extracted before its application .
Therefore. Fq ~~ation (42) can onl y be used to reconstruct a target
response rnn sis ti n g of only one natural resonance ~tunne1). Most
t argets are characterized by more than one pole pair . For the sake
of completeness we w ill just I~p r ,vk the difference equation used

- for  reconstructing target responses contain ing more than one

- 
resonance.

l et  us , for ri le acstmle a tarqet respons.~ characterizedby two po1e pairs (complex con, ugate) . Af ter the removal of the
• antenna pole pair and other false target resonances from its back-

-
- scattered response then we wich to reconstruct the early target

response for deterinthlnq I ts depth . In this case Equation (42) 
*must be mod ified to reconstr~j r~ two pole pa i r s , (z 11z 1) and (z ,,z,).

This can be accomplished in  a similar way to that used for der~vthgI J~ Equation (42).
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The ? -transform ~f t~~• filtered ~ i v i f o r ~ (in its late portion )
- in be •~~v

’
~’n as

4 (~ ) a - 

1 ~ 
- ( 4 5)

~ l — z  z 1 )( I—: Z l )( l— z :~ )( l —z  z ,)

~~h rre  (z .!~~~ ind ( t $ , !.) •irt~ the target pole pa rs. After expans ion
•~~t t ’ i. I,(n w t ~i ‘~~i~ i~r ~ihj xn~~ “i~ini p ul at ion we obt i ~n ,

( I~ c 1 : e c ~ H’~c~: ‘ .t 4i
4 )R

~
(..) ~~~ - z)  (46 )

~~ ‘-• “ .- 
~rc !ant~ c 1. C 7, c3 and -~ . are t h i. sa~ie as Piose in

-
~ i t !  1cm ( l~~ ) .

F O I I m w t i i  t~ir ~~~~ r s , i ~~,n i n~i i .~ :l f c m r  r~ v i n -~ E q ua t icm n  ( 4?)
N • i ii’ f i ~~ 11 -

~ arr i . ‘ it

(n~ , •. ~~~~~~~~ 
‘
r ~

r
~~
(n , •~ ~~~~~

- —

n ‘ ‘-  ~ • - ~~‘ . - ~ I . . - ‘
~ — l

s~ 8 r r

• n- ’ ,l,... 4 7 )

I C m  C -~ c3
. C • a ~~~ • C~ • 

—
$1 ( • c . - I m

i ll ~~! ~
. ‘ - - ‘  ;‘- .ini~ !.~rs are as ~~‘‘ 1fl,’i~ ~~~~~~~ i r m~.cl y (see Equat ion

~ -~~~ ‘mo •.- ili; .-.-! rrc rm n~.t ruf ! fl—i n p’~~ t”.~ ana i2 q c t ;c  ¶
~~~ 

1~~~II! lie
(la’ (the oenerali,r 1 polp ~,~ rac t i~n lrrlrPSS ) can als o ~~

i t irtjrt is  cha rac t~ ri:r 1 t~-,’ m si n q l~ rt -wi’~~le, ~nlos , then the
obta -n~ -1 t~ter ~he extraction ~~f the antenna or

n~~ ,r ‘ il -.” t.i r~ et ‘.~s inintrs - in ~~r i~~neral1 y expressed as

4

~

3

t
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R ( z )  m 

-1 

(48 )

(l.z 1 z

repre’~ ntç the target (sing le) complex poles.

Acco rdin~ to the previo usl y outlined procedure, after manipu-
lat in g ~~~ it ion (48) we can arrive at the following generalized
rec onstr uction process:

m
r

•r
~~~~

nT .kT
8~~

m T )  
C 

r
~
(nh .kT

8) • 
14) 

~~~~~ 
zt r (nT eikTø

.Tr)
r t~.l

m iii

• zt zt r (nTr•kTø~
2T r)

r t 1~ 1 t ,.l

• z t z t .  - .z t r (n T r4kT8~
i
~ r)

r t , , t , , . .  • i

~~

t 1# i ,� . -

mr n - I  r

• 
j - l~ 

r 

Ll t
? 

• .Zm i r(nTr+kT8~
(mr~

l)Tr);
r tl• L/ * • •~ • tm l

~~~~~~ ~~~~

n T ’ t e m N T
8
+~~T. , k O ,l,.. •~

Nr~
l

n.O,l ,... (49)
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1!
where H

& mr 
- 

~~~~~~~~~~ . ~~~ 
l
’
?~~~~l ~m 

-

• ~#tmr

U-s m , note i~~it n  that tn the above equat ion mr does not representthe target ’s complex conjugate pole pa irs but just its s n q l e poles
wh ; ’i are twice in n1riber than tht ~ complex conjugate pole pairs.

.i i h ~ t k mfl ,’ can cm.v •il y t1i ’r ivt ~ L~ui! ions (4:) and (4~) frcin
!P m. ~~~~~ i ! . ’ ,l ~~~ Imt r (49). It shoult d be unilm ’rston- ,1 that con—
- t i r r t nt  r4 ~t t ’ V l S t ’ U t  ion of i 1 a’ .~r ~~~~~~~~ if poles is im practical
i n . ’ it requires •i l tr w  base ~ J ~~r ‘hi process to begin .

•U ,m , note that any dc t.~rni mus! be removed before appl ying Equat ion
( 19 ’ .

. . Assets ~f ¶b e ~ in on 5 tr ~~,t  i(~n F’ -~ .~ss

Th~ r,s —in ’; t r ~~
- 

~mn p r .)crcs is t”  mi;)”rt ant part of the tunnel
- j .’n!  if ic it i - 1 f l  ! t ac~ ,r~i 1 is h,~~. three ~ ask .: -•

I. Th~ c~ , t ! , .r 
~~~~~~ is solve~! - t .  I -

~~~
-
~ is it appears in

he ’ ir ly port I r - ~f th .- . ‘
~ 

( 1  s . ~ .il ly 1 . F ~a k nowledge
t i  n’ 1,- j ’ m~’’l .~~~~~ - ‘ t is  n t  n , .  1. t .  fln1~ a s r— - si l l  w indow with

• i:’  I C - j r- li ~‘ i S  ‘ .~~~,1! r- !  SO th’ t r - i r  t~~n’r ,’1 r.’spcinccm can be Isolated.
The ‘. - mn st .- j ! ion ;r . m , .‘c’. w i l l  pred ict  t Pmi’ rest •mf ‘.‘i~

-• waveform
~ -r.’’-t m n thi ’, in ~~~

‘
. Mw.’ f the t ~~~ “- !~~“ I l !, .r  port -~~r ~f the received echo

is emi t  nm m r . , m r Cl  s ’ !~~.r ~~~~ ~~~~~ ~~~~ thr ’ error Criti ’r r ç m n me
i -

~ 
it i m f l  (- 1 ~~~) tPm r r,’c - m - ,!’u t m -  pr (n ..55 c~~n -1et~- ’t  t i- me wmn ~1~

-’w which

~~ ç~~~~i• c c r  tbp s  t ‘i.’ ,nn.’1 : - s - 1 . ’ ;~~,ir _ Ci~’mc~~~~rn! I v , a — - r e ’ accurate
earl ~ t - -

~
-
~. •~~s~~

-’’n’.. in -. • i~’ rm  ~r ! . 4~~iit  t~~n (44\ is -nm nlmi zed
wh.’n . in i f i m r ~n m ! ’ ,i - m r ~~ ~v r the ‘- i - .’ w ’  t - w . ~ noise or clutte r
i pre”.rnt ‘“ the 5- 154 ’  window ,nder testinq t’m r predictability of
‘hi’ r”ç  m n c tr ,(t i - mn p roce ss  i5 disrupted. th i s rinsci je error in-
crease. Note . a l . - , that ice of the error c r i t e r i on satisfies L

Fq u-~ inn ( 13 ) .

~~, In tPi.’ ne it chapter it w il l be lr’rim-m nstr4ted that the r~-Conc t r- ,, t e”-i wt .m .’f ~tr ’m - in play a ~ ‘ry Important role in the i denti—
A comparison of the filtered arid reconstructed

waveforms ian live -~c -i very good estimate of the tunnel’ s response
ir ri v al t ime . Thus , Its distanc e from the antenna can he estimated.
n t f l r n , mn ipp’eq can present a complete pi cture of the tunnel’ s

depth, st r i r  t ire and relat i ve position .
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I’i the n.’x t chapter a simple experimental model of the Radar-
Tunne l Structure i-s ex~~lned. The study uses the pole extraction

I and reconstruction processes in order to extract inforn~atIon from
the theoretica l echoes and determine the limitations involved.
In Chapter V the results of the model are used and a study on measured
echoes is  pursued.
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CHAPTER IV
‘,~~I (lY OF A SIMPLE TRANSMISSION L i NE MODEL OF AN

UN[)ERGROIJ4D RADAR-T UNNEL STRUCTURE

A , t)ti ,’i t 1,05 ‘ -

‘P-t i-’ goals m m? th iS chapter are the following:

- 
~m r i .. c t  -i phys il in - .? mat h~~at ica l  stud y of a tr ans-

i t -.s - ‘ i  I ‘i.- nxuh ’ ) a~ m m  h iprmr . m esit,”-, th , actn~ l tunne l scatterinq

r . • i - t t c - t he ’  r.i ie l t m-i the actu al r .,la c - — t i jnn, -’1 y,~~-~~ture
in ? der i ve’ r~’th~~1c to ~‘. r ,ii t inforThat ~On f~~(!i the theo retical

— 
.‘:hc-i~’~ . 1b~-’ s - m-~’t~~r-i -i s can then be used when dealing w Ith measured

• 01 hoe - •

3 . - !i~’m ’n’, t r ,~t e the • - - li and s i  -~~ i f  ic ance of the pOle
icm ’ i in ? r.’- t ec t r ~~j ( t  r o e  proces’.e’. tr be used j r  the i dent i—

f f ( j ~ ‘ -n

8. The ~~
-
~~
,-‘1

~~
.‘ ~ire  a t t . r m pt ciq to ron~~t r u ct  an e-,~-ierimenta l rmcm -lel of the

a R i ~ir~~T j r n c ! sir it t -i r e ’ t m  s tj d v  ~~~ extra ct i n f cm~~ at  ‘on f r~~~ the
‘ ..c ,‘r ~~ ’-t 5i~~kSC ~f ¶nrp ? CIhoes . ‘hi 5 w i l l  help mj s to anal yze the
ri.’ -is- sr.’.? •~ ,- :~ - 

;m-j! t m  h. in? enn.i ‘euct , of ç~~jr’.e , have -i wide spectrum
‘ m en- jr • - . , -  i t  it - c m  ~~! ‘‘me t- i’ mne - l ’ s n it jr ~l re’~~oflafl (ec. It 15
~.m ! t’ t m n. it. ’ ~~~~ ~, t~-’ -~! thi s i s  not .- -is i ly ui hieved since the dipole
antenna iç m r~ i t . ,’Tf ,~ 

rr~’, m nje? StruLt ire . If the Input his a w ide
,r14-’ctrr, say u i i 1 c c i i n  p-li c e , the antenna w ill act as a filter .
F “ - •‘ .- I t - it’ on thi ’ t jnne l’ na t jr~~~i recnnarcp must occur c lose to
the inte nnj ’ç rec ’mna rc .- .

t hi’ t.i r~ i’t i~m t the antenna are both resonant structures ,
— -in be nwm,lele -’l -j s i ctw-O ina ’oq f lters. Such can 5e a simple

r i r e ui ~ shown in F i qijre ~‘1 . The impedan e, 7. of the network
~S ‘Pv’’n b y

-s jw )~~ 
~~~~~~~~~~~ , (r ,fl)

c~ 
e s/RI . I ’IJ

V 

-

~~~~~~~
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Fi ~~o- e ‘I . Simple RLC network .

The p~ lec of ,‘ i n ’  loc ated at

• 1 
r

i 1 ’ ~s,s - ‘~ ‘r ~~rr 
- 

(,~.r) L (rad) . (51)

‘PiC t heoretica l ‘not?e ’l Ca n then be Constructed of two RLC net-r works sep a r a ted  by a 1 - ‘ ‘~‘.v t c ’ uncr m~i s s m n e  lin e of characteristic
Ie1p4’-Iu rm( O •

‘
~~~~

. , ) .  The tr a n cm is ’i oe lin e Is introduced to simulate
qro’jntl tn.’~~Imr t m  scxiie degree.

• f ~ h,’ input to thp sv s t~~ii will be a g a us s ia n  p i 1 se generator
( . i - ’ . ’ ’ . : e .  ~~rt ~~ “ internal resl ’,ta nm e R ~~ .h— .w ”- ~n Figure 2?.

i t:

_  
=
TIj

~~ ‘1’ ~~~r 

L?
I

iJ

‘
~‘~ ,.. GAUSSIAN PULSE

L GENERATOR

El Figure 2?. Transmission line ~~de) .
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‘- “ c. t ain t”. /.~ and Z - ~ of the model represent the antenna and target
(tunnel), ri”.pi’utiv èly. They -ire of the form of Fiqure 2?.
w i l l  ui - .ist t t ~ c ” . ‘stance , 

~~~~ 
•~p~~’ itance, CA e  and inductance ,

Sim i lar Jot ie i t i tom’ . wi ll stand fur R1, C T in tl L1 of

Before proceeding to the math eniatical anal ysis of the model,
let us first give it a ph ys ical interpretatio n . For convønlencp
‘ Ic , . 4 . ,~~ i’ ~ ~i t s ’ 1 .  i’t I ~~~j t .  23 .

~~ V~~( t )
R~

e

12

d
~~0~~ 

c 

Z T J

F i~~’ t c ’. . • 
‘ r ,inc’n i ‘-s  ion lin e rn ’ie’ 1 indi cat ing
way. ’  propagat it- i ’m .

a

hr’ - it~ m t t  ‘, - ‘

~ 
j .~ i n  h our.’ ‘3 w ill represent the response

mm f tme . yc t .~‘i. A ~ u i c  c t in  pui se is used as a sour- . e at tO.
-m

- (c .st )/t -(A ria ecs ti n p u lse is tel mne ~1 a ci ’t ~~ ‘ •‘ 
- P. where t Is its

time w~~l th .) At t O ’, .i v o l t  ip’ appears at R arxj al so ac ro~s ZA , (al .
T h,ç is shown ‘n Fi~ ur’’ ~4 wh~’r#’ the forced r~sponse and natural
response i-if the C ircu i t are illustrat ed. The transmission line
is il’ ,em e x c i t e d  and a wav .’fnr’r sim ilar ti-i Figure 24 propagates toward
l - ~. As it reaches the ,.r-d mt the transmission line , Z

~ 
is excited

atid .u ref b -t e d wave , c), IS ni-mw launched back toward the generator.
~t - n n t - i i n c resonances iscoc m ated w i t h  both 7 and 2 . This reflected
waveform reaches 7 , •in~1 creates an output voitaQe (

~ ( s ) ),  ( e ).

~f the para llel rcAb,nat mn n ~f R and 7 i~ not matched to 2 , then
-‘ po rt ’-cn of it is also ref lecte~ back toward 2 , and the pr8cess

- on? m Iles , A long time waveform is shown in ~4ure ?5. Here , we
w i l l  study the p’ne’ral case in which the parallel combination of
R and i

~ 
is  not e’t,itcheml to 2 , and discus its limitations as the

t~ansml~~ ion line becomes sho?t.

I
_ _ _ _
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Our goal is to isolate the resonances associated with ZT and
t o  evaluate the length of the transmissIon line. The procedures1’ introduced in the first three chapters are applied to isolate the
tieS ired parameters.

Since we already know them prec i sel y, we can then better
ijn,t,’rstand the li m i tation of our techniques when applied to unknown
‘.ystein s , such as a tunne l . Observe that the data will be corrupted
?y the presence of whatever parameters are used. One set of
pJ rvnt ’tc ’ rs i s studi m ’-l here in  de t a i l , but results for various other
pau .wnett’rS ire g iven in App end ix E.

C. Ma them ati cal An alysis of the Model

A quant itat iv e description o~ the transmission line model
w i l l  now fo ll im w .

Th e m e t h i l  of ana lysis pmi rsu .ei in th i s study involves trans—
‘or” ing the gauss iin p -u se (generator output) to the frequency domain ,
eva b u atmn o V0(j) and then inverse transfor m ing i t  to the time domain ,
(v
0

( t ) ) .

Two . i p p r - m a t . he ’ , w i l l be used and compared f~r ca lculating the
- .-,t’,tom ’c response of Figure 3. The fir st fo l l ows the ac tual phys ical
m:i 1’~ip l.’ re flection process iuct 1.’ccritw l arid t ransform s the desired
v i l ta q e t m  t ime domain a f t e r each re f lect ion . The second obtain s
the ciinpl. ’t .’  s r m ? u t i ~~ri in the frequency domain and transform s the
t i ?  ~l v ltaqe to t mew ’ domain . The approaches are equivalent and

~r ,. used her e to ensure that no computational errors are
t,u’rlc’rated

!)i’f ini ng the input as a gaussian pulse of spectrum G(s’J~ ),
- r the pr u p ,-~it mi m e constant as ‘ye i + jf , and refl ection and transmission

((i.’’f mc i”t5 as

1

~ 

~

,. 

~~ 
‘ ‘Va)

a 

~ ~~~

— (52b)
A s o

L
t
A

( S )  , 
Ac (52c )

As - o

, 
— l

~ i
n (52d )

T o -
‘

‘ 1

_ __ _  
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i i
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•O) 

~A~~o

and

R5ZA
‘Ac ~~~ 

‘

the v ’Ita qu ’ - i t the indicated pa in tc in Figure ?3 can be expressed
i’ . I 01 low ’ ,:

- C (s) i ( s )  (53a )

y
b(s) - C’ s) i~ (s) (53b)

G(s) •
~~ ( s )  

~~~~ ~~~ (53c ) [
V 1(s) - C(s) i ( s )  c t T s e~

’
~~ (53d)

~~~~ 
s) - 

~~ ~~~~ ~ ~~ 
s) e 2

~~ (~ 3e)

11, i 5 )  i~ the fi r s t echo seen icross 7A Consequentl y, the ‘-irst
~~~ - I r t m ’ ,ç R c-in he o x p re c c i ’ l  ,is [

G
~
c)_V

e(s) - V eNL (54)

It app~’ars after a t ine del ay of

-‘ tit , T r ~•T

t .‘tI’ ’~ J s f~.661 c1r~~
’
~ (nsec ) (55)

for  ltassl e ;s med ia. d is in meters , and ~ and ~a are the relative
permit t - lv ity  and permeability of the med1u~,respeEt f vely.

58
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~~
‘1

T im,’ ‘ ‘~ on~i ect imt acros~ R will be delayed by 13.333 
~~

I:r~
.
rn- ,.’ . A cco rd i nc j  to the above ~nal ysi s it is g iven by

T V 1(s) E-

~
-s 

~~~~~~ ~~~~ 
e 4

~~] 
G(jm~) . (56)

The c-m t inuous time voltage seen across is  the sum of al l
the echoes, i.e .,

J 
)~ ( )  a v ( s )  • V 

~~~ 
• y (

~) + . .. . ( c7)
1 l~

In ‘h!. i ininq the frequency response of V (jt
~~~) 

we substitute
i~~~~ ’ Irm ~ in (quat ions ~5? ) .  After some s~mple m an ipulat ion
we hive :

S CAR

L 1 v~
5) - 

~~~~~ 
(SSa)

- 

I ’  
~ ~~ ~ ~

‘ 

~

‘ r~ç

- - 

~~~~~• ,  ~~~~ (58b )

I - ‘, s ‘1 l \  1
S
.

I i ~ 
t~~( ç )  a --

~~~ 
( c R c ~

1L

2 s f 1  l \  1
i i  ~~

-, 
,‘~~J~~~~ ) a - 

_
~- / 1 ~~1’~~~~~~T (58d )

The poles of t (s) ,  
~~~~ 

a n - . i.(s )  are located at

H 
~A ’’~A’ - - 

I 

(1 )
2

- .• 59
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1 1 1

and the poles of at

1 1 1 l \ 2
S 

~~~~~~~~~~~~ 

~ ~~~
-
~ ‘:;: T) 

(60 )

where 

I

The imagin ary parts of Equations (59) and (60) correspond -
to the ~inp l~ x resonances of the coef ficients of Equations ( 5 2 ) .  1

~urthermore, i f  - -

2
•(7~-ic-A)’ and u

~
rT 

-“ (6 1 )

t hen t -hrn’ complex resonances of the coefficients will be approx imatel y
equal to the n~~~ j r i T  re sonances of 1a and 2~ , as defined in Equation
‘5 1). If Equat ion (61) is not satisfied thkn the resonances of
the c off icient s will deviate from the actual ones of the target
m r the antenna , and the target structure can not be determined

- m rr rn ’ u t l y according to the relationshIps given later . In al l our
‘,tudi ec we will always attemp t to satisf y Equation (61).

L
A cnrdinq to the above discussion the fIrst echo, V ,(s),

ls~ .
Pi,jc - tm m ,h l e pole pair ~tt ( A ., A ’) and sing le pole pair at 

~
‘
T’’ T~ 

I
Conseqijentl y, V nd~~ ~ cHara?terized with triple pole pair at 11
(c , , s .) anti d~,ub1e at (s~.,s;,). The pol es of the subse quent
ec’~oec can be determ i ned i~~i a ~irn i lar way.

L

The above anal ysis of the transmission line model can serve
the purpose of -i good understandin9 of the response , but it becomes
- l iffi c u l t to in~,1ement for a computer anal ysis.

60



V

I

J A more concise method of looking at the transmission line

I is to represent an equivalent impedance of Z 1 at the Input terminals
jf the l ine. According to the wave equat ions governing the trans-
miss ion line , the equiv alen t impedance of ?~ (Figure 22) at the
input terminals is g iven F~ 7J by

•~~.tanh (yd)
2T

~~ 

20 T1+z~~~,~(;,~’y . (6

Representing the parallel combInation of 2T~~ 
an d as

~Ts ’q’AI ~~~r-~ ~~~~~ ‘ 
(63)

then V (c ) can ~
- .‘ .‘ ~pro ’ .so l as0

____ - ~— -----4--~
’i - - (64)

The above e~ pro’sion is ,‘q i ivalent to that given ~n Equation - 5 7 ) .

Iê 0. T es t inj~~of tP i e Mode l

~ q - u- i t i ’ n  ~54) was ~~~~~~~~ f or imp l~ mentat ion of a computer mode l
‘or the t r i n S r n ; S c I o n  lin e , given me Append i’ E . The ch a r ic t er i st ic
impedance of the li n t ’ ~n the r riip ut o r  model was defined as

(65)

and the propagat ion constant ~c

L
v - - -

~~
‘ -

~~~~~ - (66 )

The parameters r and 0 represent the series and shunt losses per
unit length of the line , while Ii Ii and (r

E correspond to the
I inductance and caparit ance , reps~c~ive1 y, pgr unit l ength of the

line .

I 
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It was nem essary to introduce some loss in the line (complex -,)
in orjer tor v (t) (the mnvC rse Fourier transform of V

0
(j~~~) )  to

be comp letel y 8iminished ~nth in the chosen time window , T .  A finit e
ti,vii~ w i n - low is a limit at ion of the Fast Fourier Transform used for
time inv ersion of the 819?-point , comp le x , dIscrete array, v0(j~.).
This .irray w i ’ , prolw i -I by an incrt~*ntal frequency int erval equal
to

- a 
~
, (rad). (67)
w

~he above m att er ’, ‘,h i l ~i be carefull y arranged fo r  the successfulness
it ‘i. c omputer mi te I

‘ 

I ur ’~herimore , for s im p l i c i t y ,  : was kept rea l ~~y def ining

1 ’  

— (68)tm O r

‘h.  - ‘ - a ’ 
~ ~ ~- i l t i m i,~ 

h s in F im ~ijre ~~ was calcul ate d by the
- vm’m~~ ~t , ’r m i . ’i in A pcm~’n 1 - 

~ ( . T he mC p u t was a f~ nsec ga uss ’  -~n pulse.
T h. - pn 1.’ pa m ’ - ~~~ “A ~s p lac a ’ -~ at

6
— -‘‘11 1 1  nim p e rs-’sec • ~~~~~ ,~

-
~~‘1* 10 r~ j- cem

i ntl t Pi it ~f ,
‘ -it

- 1(
~,lfl

6 
~ “pm’ r5 ’ cer e ra (1 / c,’r -

m )t her par ~~ ‘t . ’r - i- - mc di ~~t ed - n F Igur e ~ are

1-’ ‘18.8456xl0 ‘ Farads/meter L
5O~ 2 u~ 1.2S6xlfl~ Henrys/meter

• l ’ -7 ,~ -
. 5x10 6 tVmetpr

P ‘ 1 1 -’~~: 1 r • I .

-i • 30 meters 
~r
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I r

~ I ~~~~~
‘ chosen long enough so that there would ~w no over l ap

I 
-i? the t’~ hoes , The p 01- pa ir of .

‘ was so 1.- ted w i t h  respec t t o
i’ it . so ~m ~ t the ‘m m  i mum r os ~moti ‘.o of .‘ ‘i l one in the frequenc y

l .vi iin wuul - t occur at the frequency where th~ response f rom

I 
( a l o r ’ ’)  W ) i j  I I  ml ” t ~iy - m i ts  half power va lue .

As ment ;-“m. ’ .l iii ..Pm apto r  I , we art’ interested in determin inq
Pm.- St ructure of t ’ ie tunne l (t im ~~et ) by exami ning the received voltage .

1’ ‘Pit ’ nat u ra l  ~~~~~~~~~~ of the tunnel ( imaginary of 
~ T ) w i l l  determine

i ts c tr u( t - J t m ’ . The peak response f rom the tunnel o&urs when t h ~
m - ,’ f l e - - t i on i  r~~m the front and back interfaces are in phase. Th

— 
, - t ‘irst ~ t a r  t o;’i -- Miat ‘ion, neq l e: t ing i - ‘iu st ~CS • ~‘ ‘s occurs for

~- a ii ,

w m m ,.
~~

,. H ‘is tb. .inne l he ‘qht . A ssu ming the .- a ’ ) O C  i ty  Of hO wave
L I i — !‘i.’ ~amn. l ‘ N. ’ t h j t  - ‘ ‘1’ s 5 0 1 ” , FC I 1 ~ m~~m n  VQ a ’ :~‘~-.-O5

$ (6gb)
_ -

~ r where f~ is a compara le f m - s t  - m r - ~ a” resonance corresponding t o1.. ~~~ 
a1,. ~Pi~ if the tunne l ,

I. f • ~69 c )

• t ~ ~tS f.’p ’’~, ~, ‘in he .leteri’ m a - ~ by ‘ ,‘ i ’- r ival m emo , T , of the
a irst - i’ - ~ 

-
~ 11 -

~~~
‘
~ : 

a

• a - _ -_ (mn..te r’,) r’- ’i)
- ‘ 

‘- r

i t, F r - ~’i the above d t s c u~~~m o n  i t  is  mr ~st ruc t m v r ~ to ~~~ the f rst

- 
.‘ hci ‘ ‘r ‘ i r m i l y c i s , sin ce tb’s is the simp lest response c on t a 1n’ n ~i

- 
i n ~ .

~~~ - ‘i t  ‘on ah o-at ,
‘_ . The t imp expanded f i r s t  echo of F igure ~Ic ‘.h~~w~ in F i q . ro è~1, 1)- For comparis on , the fi r st echo as ca i c - a l a ted

N ,- i a a t  Ion ‘r ~4 - m c also shown me F ‘iqure ~~ h) . note that it ~~
r m - ~~nt~ caJ ~o that m n Fiqu rp 26(a). The poles of thi s echo were

f~ ij n- I by ‘ r~~ny ’ 
~ method to he located at

J iL -

. 
~~~~~~~~~~~~~~~~~ 
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I-

Figur e ‘f- . F ir s t Echo of Figure 25 (d~30m.).
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I
p 1 

- ~~~~~ ‘) ‘
~~~~ ~~~~~~~~~~~~ -~~

“
~~ ~~ 7 ~~~~ ~tegarad/sec

p2,p2 42.09545 Meganepers/sec ± i ~x”U .6?q6 T Megarad/sec

~ 1. p 3,P 
$ - ~~~~.?3658 Mi~-, t’in,’oor ’/sec • ~~~~

Q .R3O 28 ~p- Q a r a d ’ soc

wi h r .‘sp~’ t I ye ‘-.‘s m lue s Of

•
• (.~.~~t il t l ‘ J?.84646l)xl0

p .  —

~ ,~~~
‘ 

$ (.~ ,3c4~ -’3 • j3.490)~9)’-lO
’-

p” ,m , -

• _ ,

~ 
: . ~.45355~ m • j 01O5lrYJ6~~1O

‘ 4 4

( V . ’ - ~~ - i l a .- ’. when c~ l-: 1 ‘it .’ -I by 2 ! m ’ c y ’ 5 nmetbo~ , do not have any
it i ~I • , N~~t inl y ‘.‘l ‘it t va’ ‘~!k’’ i f l  ‘n~~, S m e  they depend on the
• 

~‘- t m n-~ : - - ‘  - n P cit t he win  low ~‘..‘l h~ Prony ’ s met ho-I f or ‘ m d i  rig
~Pip po la’s .~ If Equa t i n n s ~~~~~~ ‘ira’ used for c ’ il cu la t m n q the poles
‘‘ 1 , ( c i, we -i r ! . i m n

. 1. 0 1 $ ‘~~‘ . “ ‘
~~ ~‘.‘~~~‘i e t - p e r c ’ ’~e’ • ~v 4 O S . t-. 1 Y e~~~~~ri~~~

Ic a~
.

$ - 46.c75 h’,~~ .n.’p.’r’, - ‘ca’~ • ‘—x 4 9, ~~~ Me’~a’- - ’ id -- sec

p~~.p
_

3 ~ 
- ~~~~~~~~~~~~~ ~~~~~‘~~~~~~~‘°“ ‘ ‘- ‘~~~ ~ 39.~-f l Megarad/sec

The se rpcul~ s j -p’ o,’ ,‘e ry  well w ’~~h the ones generated by Prony ’s
m’’ho’l. Note t ha t  the tunnel height correspondin g to a 39.83 M h z
resonance m c  found to be

$ ~~~~~~ 1 .8~3 m.
4x39.~~~l m l O

U
[1 r- ,

- i i
—__________________ 

_ _ _ _ _ _ _  _ _ _ _  _ _



!WT ~~~~~~~~~~ ‘~~~~
_‘ ‘

~~~~~~~~~~~~~~~~~~~~~~~~~
‘ 

‘—“- -—‘
~~

L 
I ] -

, ‘ m ’ i v a l  t ime In this case is easil y detected to be

T 6 .6 6 1(10)  • ?0O nse~

— 
since the output data were produced from a theoretical model.

~~. Use of the Recon struct ion Process to EstImate
the Arr ival Tfme of’ the T~~~ t_~ esponse

~t was noted previousl y that in general when actual echoes
‘ire en ciunt ,’romj the earl y port on of the o ho ‘is dominated by clutter .
Thu ’ ,, we w i l l  attempt to describe a more clutte r invnune method for
cal cul ‘i t inq the - ‘ i ’ r~~-,’ i l  t ime of the target response.

f1mployint~ ‘~h.’ p il .  ‘itrac t ion process , the antenna double
Pole  waS ex t rac ted  fr i” the response of Fi~ ur, ~6, The ri’- i t ’  is
s ’mm ’w cm in F i l - m v .’ ‘I _ ‘~,- t , - t he  pe ’i~ mn ~ at the ba’ qmn n m nq r ’ ‘- ‘~ —

suI t  mt w ave f orm. Th is  1’  1”: ause the forced response be
h’ i r , ’ i e t er i~~,’-f w i t h  a Set of polec . The rest of the ~ i 1~ ‘

- mmn Liu i ’ , c m l - , -  the pu lP pnr -if 1T (corrected . (p 3,p3 ).

After removing the ic component of the target respe ~r i - ,- . ’r
we c iii tha n reconstruct its earl y port ion based on it ”

r.”.pon’.e , as shown ‘‘i ~ iqure :‘
~~ . Concentrat inq in the int er . a)

of 19-37 nsec we observe that ‘in th i s time span the reconstructed
waveform m t e v m a t a ’ s  l”a’~t ica l l y from the course of the filt ered wave-

‘iviii . The f i r s t  zero ro s s  n of t h e  ‘ ‘u m m ’. t rut ted port ion af te r
ts d ey m i t  in n from the filtered wavef ,-’~~~ u -mr re’,poncls to the ta i l

“v’- I of the ir i e l  re ’,p 1) fl ’ ,e (see 1 ‘i lmi r . - . ‘h m s phencrienon was
t e s t e d  f u i r  m icy such responses if l  order to e’’i”’na ’ its va l id - ty
(‘.0* ’ ~ppe n~I m ‘ F ) .  t was found to be the s~ uie in every case that
w i s  ~tudled. From Figure k~ the target’ s depth can be calculated

(-a
. 
p-t 

-

~~~~~~~~~~ ~~~~ • 30 meters , (71)

r r

w~wre t is the gaus sian pulse w i d th Iv ‘~c”’
- ‘nd I Is the time in nSec

CnrrespBndmnq to the fi rs t zero ~ro csinq of the re~onstructed wave-form after i t s devi ation . ‘P1ot~ that the oriq in of Figure 28 cor-
responds to  1R’-) nca ’e , see F iguro 26.)

The prev iousl y s t u l m e l  response wa s obta ined with a l ong trans.
m i s c - - n lin e ‘“~~~‘ The echoes then lid not over l ap, We can now
shorten the line iii nt- I.”- to determine if it is still possible to
fr’t,-’rt the target. By shortening the line , there wil l be overlap

cit the e hoec and probably the antenna response, V (s) (Equation
53a)). We w i ) )  neg lec t the antenna response s1nc~ for the paralieters

I
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chosen it would be negligible by the arrival of the first echo.
If it did not , then an Increased res i due of the antenna pole pair
would have to be encountered in the first echo.

Using the sane paraneters as those for d~30m. on page (i5,the first echo responst? for depths 20, 18, 15 and 10 meters are
shown in Figures 29, 30, 31 and 3? (dotted lines), respectivel y.
Note the window in each waveform containing the first echo onl y.
Thi s window was used by Prony ’s method for calculating the poles
of the first echo (sanpling interval is T~~~60O0/8l9l nsec). We
(ould not us.’ the total window shown in the f i gur es since Prony ’ s
rm’thocj asstjnec that the response associated with all the poles in
the region being sanp led has been Introduced pior to the orig ina l

L. s anpl~-’.

For examp ’e, let us randoml-~ selec t a time window out of the
tot al span of the waveform and ~--e Prony ’s method to find its poles .
In thi s t ime w inIciw there could be -u superposition of two or more
.‘u ’mna . s~ It  w a s  found that Prony s method w il l probabl y f ind all
of the cc~np Iex resonances of the po-1.-c but the calculated real parts
will be far off from the ones exi stin g ~n the waveform if 

~ resonanceis ini tiated w i thin this t i ”~e window . In fact Prony ’s method re-
quires that no fo r ~ej respOvist: be prese nt  in the data if the real
parts of the poles ‘ira’ to be ca lc u l a t e accuratel y.

The poles obt u~r.’i1 by Prony ’s ‘~a-’t’iod or the echoes In Figures
‘ b , 30 and 31 are shown in Table I . These are mu ch the sane with
those obt m e l  for d’30m. , -mc expo oct . In or to” t o  determine the
depth cit  the t - -u rp’ t we fir st extract the antenna double pole pair .
The result is the sol id lin e on the s~ i’ie figures (F1~~mr .’s 29, 30,
m l  11). Aft e r cente ring, the reconstructed earl y portion of the
target r.’cponsi-’ i s ~howim ~ F igures 3 3 , 34 and 35 for depths at
‘0, 18 in-I l~ m et e r s , respectivel y. Oetect ’ing tha -’ firs t zero crossing

L of the re( r) n c tr u l c t ec i target responses after their deviat ion from
the ‘ ijtere(I w,mv ,’f-~r~ (sol i-i line) we obta~n the following results:

l?- • ‘J, 1? • 11) ,? osec ; d~20m.

= 10q • 17 .8 • 125.8 nsec ; dtl~’lm .

T • 90 • 16.5 • 106.5 nsec ; i’lSm .

U tJc ’in 9 the above results in Equation ( 7 1)  the depths are calculated
t i m  be ILll . 17.97 , 15.07 meters as compared to the actual depths
.-if ?0, JR an d 15 meters, respect ivel y.
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PRONY RESULTS; MIN. SQUARE ERROR CASE [
POLES 3(X 106) RESI0IJEc (x l0’~

2)

~WVFRM DEPTH lB S 1 irs ? 
REAL I MAG REAL I MA G

-48.5205 +47.95888 ?.86615l +2.846461 
- 1:

~~m 30 m. 6T~ 51 -42.0954 +50.62961 -?.354673 +3.490 129
-?3.23658 +39.83078 - .45355lR • .0705 1006

____ - - 

-~ 3.O749 .47.19403 
- 
.10673811 •~ .R3134 1

Fi g . q 
~‘0 iii . ST

8 
4~ -40 .19853 +50,76860 .88861?’ +2,994219

-25 . lt_a~ 0:~ +40 .15106 - .439864~ • .3466342
- - 

-4 3 .58974~~~~~~65909~~~~ .q4 ?728 +3.228905 1
f r i~ . 30 19 m , ST 8 44 -44 .69857 +51 .03842 .0540642 ~3.l 3994 7

-25.061’? +39.6? 5?6 
~~
- .2 190129 • .408473

-3~ .5l768 +48. 7 7 2 2 7  T 2 •961 494 + .2245375

fi g . 31 15 n . 4Tv 40 ‘L8633 5l .44039 -2.166434 .5655805
-2 1 .1308 1 •39. 51648 - .301001 • .21?935 I

1i ~~. 3? 10 m . 1 F i rst Frho Time W ’n-low not Wide

I 
Enough for Processing

IRS - int erval between canples u sed by Prony ’s method for
a lcul  ‘it ing the poles .

It ’s Start ing point of the window 15.1 1 by 2ronv ’ s method
f m r c a l r - a l a t i n q the p o I a s .

The real anl in al iinary parts cif the pn i ’s are liven in
‘4epers/sec in-I Hz , respectivel y. Th~ fi rst two pole ~~~~~
correspond to the antenna double po1a :,ii r ~ncj the third
~~ ha - I ‘anne I .

13 . 717’~1 flSO( (6000/8191)
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A~ ‘, ‘en , the recon struct ion proces s has the capab ility of
producing very accurate results. This is prov i ded the filtered 

- -

waveform does cont ain a time window where the target response is
actua ll y exi st ing by i tself.

let us now turn our attent ion to Figure 37 (dotted line).
in this case the line ’ s length was at 10 meters, The mult iple echoes
are 66.667 nsec apart and they are overlaped. Also , the arrival

~‘ime at the f i rs t  echo ~66.667 nsec ) is short enough , so the antenna
:,~ ‘~~-.pcrs - ‘interferes with the f’ir~t echo ’s response. Therefore,

t ’ ~~~ t ,’,~’ window containing the first echo onl y, as shown , i s not
wi - i.’ •“aci ci-lh in order for Prony ’s method to determine the poles of
the f i rst echo. We ~oul d hive superseded this prob l~ n if our
— w’io 1 ’ing ‘interv al , T8, w a s  smaller . Thus , more processing points
wi ’ -a ~ I be av i lable in t am, ’ respective t~”w’ window . These points

m~ l I then be enough for generating the equation s required by Prony ’s
‘~‘th ~ cj to ca )~ -jlate the poles . But thIs would require larger array
f~~ar V0( jw, . N ote that 113 is given by

~~~~~~~ ~
. as t Ime •a- rt~a ’r it points 11esc r ib~n~ the cc~npl.’~ array of

~~~ ) .  The ( (-tnptjt.’r used , ii ’ -i~d onl y process a “,m ,lmasn of ~~8l92
C ’elp le ’a p oint s , which were used for a l l  the data presented here and
i’~ Appen d ’ a  r.

Th is ,e,~~~~’, t o  t~ t ’-ie l i mit of our ;~ro~ ecs m g capabil it y.
~~~~ ? ‘ _ a . ’ l am. ’ hPca~1nes s ho rte r  more of the mu l t iple echoes overlap

a’ ‘i n I t ‘me waveform s heccine - ‘w _ a ra ’ ‘ f ‘ict _ al t t o  pro a’s’ Its m j in compl m —
~ -~t i i~ is ‘iu ’i m~~

m t h at  ~.ml ~ S are mntroduced a f t e r  the starting point

~ t’_a •~ Ihh i f l IO~ l ’ t’me w indow required f~~r Pro ny ’~~ method to calculate
‘ill the poles presen t in that w indow . ~f we are to accuratel y process
‘i recpon~~ , the chosen tame w’ndow m i s t  ‘

~.-‘ coherent and continuOuS.

Si nce the pole if the f i r s t  or h a  are known ~rcr previous 
‘

:r ~~~ -’~c an~ w” can ~o one step ‘ 4r ther with the response at 1’ l Osn.
icing the ,int”nna double pole pair as oht alned for d’30m.. i t Is

‘ ‘  r’ lb .- s -”- h~ of Figure 3? (dotted line ), The result
a s the so i l - -I lin e In tIme c r’’ ~iqure. Note the peaking of the forced
response . They occur at the beginning of each echo, where the forced
response is confined. These peaking c how that three echoes exist
in the t i t  ml time int erval of the waveform.

he target re sponse alone Ic i n d I - a t ’ ~ 1 in the f i r s t  echo for
-i t ”iw’ len gth r -,rra*cpon ling to a cycle. No te, also , that the t arge t
response a s not isolated fr~ i the other echoes, yet , since they

~-o nc is t  of more poles. This wic developed earlier . Using the target
pole ~-a m i r  for d’3~ i.. t h i s  ta rget response alone was reconstructed
-i’. chown in F i g u re 36 . The f i r s t  zero crossing of the reconstructed
w av efo rm af te r  its deviat ion , is detected to be
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‘ 1  ,
~- ,,,- ,

Theref ore ,

d a ’~~-~~ -, . lO.OS vn.

Indeed , this is the actual length of the transmission line.

The above observation indicates that if a portion of the target
response ex i s t s  in a smal l t ime wIndow then the reconstruction proces s
can still be used for detecting the target’s distance frcr the antenna
(or constructin g a map).

F , Concl us ions

it ‘i~ conclude d that our main prob l~ m’i w i t h  processing the
.‘- hoes is the determlnat ;on of the poles by Prony ’-s method. Once
the p~ u i e’. of the w~ ye t o , —r’ e k nown, w Ith in a reason~ble accuracy,
the pole “,tract~ on p r -o. ”,S can always be used for Iso lating time

i rg e t ’ S pole ;~~‘i~~r , in turn , the earl y target response is recon—
structed. Th~ f i r st  zero Cross~nq of the reconstructed waveform
after its deviati on frcin the filtered , can be used in Equat ion (71).
The ta rqet- ’ inta’nn..’i distance is subsequentl y estimated.

When the t m r ia’t ’ S depth i
~~ sana fl then the mIAltipl e reflections

- i f  its re’,p.~ r - ,a’ could overlap . if the time window where the first a

•‘cam ippeirs w l t h e ~ t overlaps i~ not large, (greater than 2N or
~‘4 t~’w~ p oi n tS , where N 15 the nailter of sing e poles in tRe

t hen Prony ’c ~‘tRod w a l l fail to calcu late the correct po les .
This  can be ‘ i l l ev i - i t e u l  by matching ZA5 ( see Equat ion ( 5 2 ) )  w i th
th~ l ’ r a e’ s character istic in~edanc e , Z • Thus, all echoes, except
the f i r s t , are Supprec’~a ’ i . In Our fie~d Study at Gold H i ll , Colorado,

I in the next chapter , the antenna structure w as closely
n~ r ha- - I to the ground in~ cal anc e to avoid multip le tun nel reflections.
‘ ) t  uma 1 r S ~~, ground in~edance is a dyn ammlc parafleter. A study could
tsa’ .itt.~npted here to Ia’teri’i a ne  the tolerance of the antenna structure
m t  ground i iiVedance mi smat ch on our results.

Furthermore , we Should not neg lect that Equat ion (61) should
be reasonab l y saI a sf~ed at a ll times. Otherwise , erroneous r~~u 1t~

- - ‘ ~~l4 ‘me obta ined f or the tunnel or targe t structure (see Appendix
C )
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CHAPTER V

i_

I APPI ICATION Of THI. POti EXTRACTION AND
RECONSTR UCTION PROCESSES ON ~~ASUR(DT IJf~~N(t. ECHOES

A . Ob~ect ’ives

The objectives ~af thi s chapter are the follow ing:

1 . To appl y the pole extraction and reconstruction processes
)fl measured tunne l echoes for detect ion and ident if icat ion .

~ i-i

‘. To eva lua te our results and ccinpare th~it wi th results
f r

~
iii other processing attempts.

- 

B. Ec ho R~ c~ rd1nj avid Processing

Dur ing the sts~~er of 1978 a g’- o~p fran the (lectro5cience
~ aborator y r,’~ oe- I,’ I ~m cot ~f echoeS on a t -~nne1 site it Gol d Hi II ,
Colorado . ‘ha’ p o s it i o n  ‘~ the recorded waveforms w ith respect to
the tunne l i~~ a n d i atea l in Fi gure 1 , As shown, two trave rses were
‘i-a la’ over the rectangul .m r t.jnnel ?,‘‘ . At pos ition RIO the tunnel
was about 20 ft . (6.1 m.)deep , and of size 4’x9’ . These data would

u~rr a’cpon~ to -i t .jnnel response arr ival time c- about 100 nsec (the
ulrounuI relative per’~i m t t i v i t y  was accuratel y miasured to be

— and a resonanc e at thc aut 25 ~ iz.

I i A 6 nsec gauss i an  p~~lSe was used for e~ c i t ~ tton with an
1-foot crossed dipole antenna , referred to as IBANT (Long Box Antenna)
r l4 i. Some of t h u  r,’.- uir~1pI echoes are shown in FIgure 16. The
later portion of afl t Im.’ w~ivefc ’ r~ns was J5 0 1  by Prony ’s method for
alculmt mnq their poies . R~s~ lt~ are ~‘ven In Tables ‘ and 3.

Two ccinp lei conpjg-ite pole pairs are indicated, The one at 40-50
~ 1Z corresponds t o  the anter~na pole pair , and the Other at 20-30
*z to the tunne l poic pair . The real part of the calculated poles
y ’ i r i e d  over  a wide range . Th i s is due to the nonuniformity of the
ground, and ilso to the sens itiv ity of the real part in the calcu-

I Iat ions perfov’med 
~~ ~~~~~

The antenna pole pair gi ven in the tables was extracted from
fi ,‘iu h p art icular echo by employ ing Equation (16) and was subsequently

arrected for d st o rt  ions according to Equation (34). The early
portion ~f the tunne l response for each waveform was then reconstructed
according to Equat i on (42 ) ,  with the tunnel pole pair as given in

fl P1

IT _ _ _ _
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1—2 0 2 4 6 8 10 12 4 IS

T i l l  T 1  T T  T 1  J j  lii i  T I 1~~x .  I I x
w .  I I x
V .  I I x
U .  l x i

X I  I
S .  X I
R ’  X 1 X 1
0 -  X x l
p x X I
O X  X I
N X I
N -  X 1

L X  I I

T U NN t L

X .  R EC O ADED WAV EF O RM

Figu r e 37, Measurement coordinates of
Gold Hill Map 2.

the table s ,  lime reconstructed waveforms at pos it ions Q08 and RiO
are shown in F Igure 19 and 20, respectively, it should be mentioned
that the m nt erva l~ used dur i ng the pole extraction and reconstruction
processes were the sane as those used by Prony ’s method for calcul ating
the w av e f o r m  poles. These intervals are q iven in Tab l es 2 and 3
j nc~Pr the coli ,~~i of lBS (Interval Between Sa~~1es).
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I
~ S PRONY R(SUIJS; MIN. SQUAR E ERROR CASE

I

POI~€ S RESIDUE S
WYFRM 1~ r ITS 2 (NepersxlO6/sec ,MH )3 (x5xl0 3V)

_ _  - 
REA l. ~~ G REA1 IMAG

-52.57866 .67 .33230 .4 16 2 106 • .404 1063j P~)O 91
8 

107 
-24 52 4-25.85206 .1878496 ~‘ .3247834

L :10.79741 +5 1 .30669 - .2334531 • .1 11 0562
NO? 918 10? 

-32 042-96 .24.91175 .034202 1 + .2627557I —— - 
- 1 7 .33083T.47.07857 

- 

.3978992 • .7173292
Do? 918 lOS -24 ,337 10 •?O. 4 7 8 l l  - .70279 1 • .3943723

- ‘

~~T7OT~~T 44 1 .9480? . 1942287 + 1 .310707
P06 81 11 - ’ - -

B * -30.30265 .18.21603 .6458865 + .08358783
- 

-26.92599 •45.48387 .0436 1706 .,Sl 12?53
91 101 

- -

8 -38 .10888 .19.36852 -1 .484128 • .7730645

1 -43.5940? •69.02?93 - .000748475 • . 1 78899L RIO ~T9 96 
- 4.259986 •?l .SQ?) - .5)544)3 • .3856364
-57.71 1 17 •46.7~~L~ - .7286549 • .622056 1

51? RIB ~ - 18.19595 +25.1797? .0675 1 176 + .09678334

- .. 
~18S interval between s~nples used by Prony ’s method

for i- ikula tin q the poles (T~~20O/255 nsec).

2 I T S  Starting point of the window used by Prony ’s
method for ca lculat ing the poles .

ii - The fi r st pole pair c or ”r  r-~~ c to the antenna
and the second t~ time tunnel.

El
El
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Tab le 3 - -
PROtIY RESULTS; MUd. SQUARE ERROR CASE

_____ _____ 
POLES RESIDUE S

WY F RM 
- 

185T ~~~ (Ne persxl06/sec MHz)3 (x5x10 3V)
P05 . 

— 
REAL IMAG REAl. IMAG

-60.4619 •42.94669 .19806356 +1.508699
S06 8r

~ ~~ -1 ?.42679 ~29.99758 - .424870 ~ .200000
-22.01400 t45.22787 .2006144 ~ .4037744

T08 
~~ . l 7 .?4408 20.34345 .6929016 • .6932108

I - 1 -77 .43989 .49.73739 .9140537 • .5295426
~~~ 46T~ I I S ~~~ -20.49544 ~29 .2O84 l 

- 
- .6743707 ~ .4071000

- 
- 6.23398 •38.SlIS2 .2606750 • .3271609

il .’ 81
8 

101 
~-1l5 .40? l ;29 .45295 - .294674 :2.649029

~~ ~~~~~~~ •56.38387 .06778622 • .2581218

~~~~~ 
4T
8 

110 
6.543068 +79.34473 .4046351 ! .051 79789

J -58.65565 .67 .08458 .3214495 • .2581229

~~~~ ~~ . :~±.•2~~° ~~~~~~~~~~~~ 
- .6434123 

-~~ .4217677

1 16S ‘ nter va l between smnples used by Prony ’s method
a’ for calculat ing the poles (l8~

2O0/?5S nsec).
? ; r s  Starting point of the window used by Prony ’ s

method for calculat ing time poles.

he fir st pole p~’ir rr~~r~~~~~ru r ( c  te the antenna and
the second to the tunne l .
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~~ ~ C. Results 
-

- ;~ The tunne l resonance as given by Prony ’-s method (20-30 MHz)
&. corresponds very much to the calculated one of 25 MHz. The deviation

of the meisured resonance at different recording positions is due
:

- to the Ch4flq)flg hei ght of the tunne l along its path... 
look ing at Figures 19 and 20 we observe that the first zero

r - rip .5in~ of the reconstruct ed tunne l response after its deviation

i~ 
f ran the filtered waveform occurs at about 90 nsec. This corres-

: . ponds to the arrival time of the tunnel response and c~npares satis-
- 

tactoril y to the calculated one of 100 nsec .

L in  order to determine the relat i ve position of the tunne l ,
grey-leve l mapp ing (see Reference : ‘ ?j) of the reconstructed waveforms

:- for each traverse could be performed. This mappin g technique p l aces
~~ 

them waveforms of the traverse in a two dimensional co rdinate systen
e- of depth (time) versus waveform recording posItion . Each coordinate
1’~ 

i)(
~int corresponds to a waveform vo1t~ge. Voltages between success ive

~)4)SI!IOflS are interpolated by usin g Lagrange polyn~ni al approximations
- ‘  t ? ’~~. Thus , a continuous two dirne nt iona l array of voltages Is obtained ,

~ 
(Clliputer routine wr itten by Stapp translates the array voltage s

into characterc of quant ized darkness levels. The highest voltag e
~ corresponds to the darkest character (black), and the lowest to

white. These characte rs could then be plotted on a lin e printer
to obtain a qr~’y- leve l map of depth versus waveforiii recording posit ion .

The grey-leve l map indicates the arrival time of the tunnel
response at each echo recording pos ition. As we approach the tunne l ,
the a r r iv a l  time of it s response tu’c ines shorter . Such behavior

a’ - creates a hyper~’uh on the map w ith i t s peak corresponding to the
posi t ion  with the shortest distance frcj n the tunnel (for a leveled

r surf~i .‘ thi s p~~~i tion i~ r i ght over the tunnel).

Figures ~~-40 show generated maps for the lower traverse of
the p l an  vI.’w given in Figure 37. As seen, multip le hyperbo l as
.~rc ’ Created. But , these are fictic lous due to the reconstruction
process, The hyperbola corresponding to the tunne l Is the one be-
ginnin g it about 90 nsec (in the middle of the map). This is deter-

r mined frrn the f irst zero crossing of the reconstructed waveform
L if t .~r its deviat ion fr in the filtered. Fi g ure 38 indicates the

map w ith Interpolation in the position axis performed after recti-
r ficatton (Fold First). This rect ification process was found necessary
1 In Reference (2?J to clearl y depict the tunnels in  the grey-level

mapp ing. It is not needed after using the processing techniques
outlined here. The black level was set at 3.5x5mV . Other -ieccrlptivej mat erial on these figures , not needed In the present discussion ,
i~ retained for the deeply interested reader and follows the
definitions given in (22). in Figures 39 and 40 interpolation was

85

I

- _ _ _ _ _ _ _ _ _ _ _ _ __



iP,IP_
~
. 

~~~~~~~~~~~~~~~~~~ - — ---——-— ~—----—---—-—-- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - .- - — — - - - ~~ -

~~683rn~
MO N2 04 P6 08 RIO S12

~~~~~~~~~~~~~~~ 

— 
I 

~ ~ ~~~L_  - 
-~ —--~—~~—~~- 3.6m

.— - — ‘ — 
~~~— --~~~ 

- -—-~~~—
‘

~~~~~~~~~~~~~~~~~ :~ E~ ’ .-
~~~~~~~ ~

,— 
—~~

- - -

- -. —-----— -S -•
- -- —- -- -__J - - -. - .- —-- - .-~~_L — —_-_ —.— — - - . .  .. -‘a

1 ~ .~~ — ~~ 
- -‘---- - -

=------ — -  - -

~ 
- 

— --

r 

— -• 
—

~~~:i~~~~~~~
--- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

i Ons ~~~~~~~~~~ ~ ~~~~~~~~ _ ~~ .i~-_ : .~~~
—:

~~
-— - ‘— - - -±- -

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
=
~ 

_

-: . .  - ~~ 
- 

~~~~~~~~~~ L.~~~~~~~I L__ T U N N E L
-
~ ~ :~ - : ~~ 

:-~~ r i:~~~~~: 
- _ _.; -_. - — ~~~ OE PT H

I~-;~-;~:-~ 
:T::—= :

—

- -

- 

AI RIO

-
~~ - - i-.- --. -

~~~~~~=-- - -
— .- - — - - ——-- _ _—  ———

- ~~~ --- ---,-- -- - — —- —- --- -
- - -  -~~~~~~ -~~~~~~~~~~--- - --- 

~~~~~~~~~ ~~~~~~— — :~~::‘~ 
•
~

• - -:. — - I m F O R
_;

___
- _ ~~‘:~

:
~
-•- - - - - : ~ 

T - - - :.; :::::-~:::.~:

g Sm

long Box Antenna -lipp e d at 1.5
NXDfV~ l9 NYfl1V~O Fnl d First
LIX’3 LIV ’)

GOLD HILI MAP 2

Figur e 38. Mapping of the lower traverse over time tunnel.

86

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  - --- 



rT ~~ 

-

~~~

- - --- - 
- - 

~~~

-

H I
:
~ ~ 

0683m ,

MO N2 04 P6 Q8 RiO S12

I 5C ni — 
~ 

~~~~~~~~~~~ 
- 

~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~ 
- 

~ .: 
~ ~~~

T 

~~::Q~~- 
~~~~~~~~~~~~~~~~~ -;:~~~..: 

- 
- :~ . -~:: ~ :.~~:.

4. -.-.—-— -- - —-..--— -.- ..  -

— tOns~~

—

- . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ TUhNEL~I  .. - DEPTH
- 

- ~~~~~~~ :~. - -  ~~~~~~~~~~~~~~~ AT RIO 

-~~~~ 
-~~ :~ : - .

- .~~:.: ::~~~~.
-

Im FOR
-

-
- -

Ii
—96m

L ~~rr1 R ) ~~ An ’ ~-“na C 1 p~e -1 ~it I .

~~:i T - ,- - l ri ~v :-I i0 F o ll Last
L 1~a’3

GOt!) HILL MAP 2

F i ~~,ro 39. MappIng of the l~~ er traverse over the tunnel .

87

--—

~

‘v_i - —~~~~ — -  - -- - —



- - 
____-~ - 

—
~~~~ 

- —

I-

0 683m I -

MO N2 04 P6 RIO S~259,~ 
_ _ I 

,J~:~::~~::::::~--- - I 
:::1::: : : - - ::::::;~ ::-::::-:::: - : -~-- 3.6 m

IOn, -- - - -  - - • - . - “ -
- 

L

-
~~~ 

- - - 
~~~ T UN N E L

DEPTH 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ....:: . ..... . . 

:~: ~~~~~~ AT RIO

- : .~::~~~: - - 
- 

- 

- 

- .

IM FOR
(t : 6

9.6 m

L ~~~~ Rox ~~ t ‘- ‘ iu- Clipp ed at ~ .1)

~~~ 
b DIY~0 Fold iSt

U i - i  Li Y~ l

GOL D HILL MAP 2

Iqure 40. Mapp i ng -~f the l ower traverse over the tunne l .

88 

-

~~~

- -----~~~~~~~ - - 
-
~~~~---- -~~ -



r’—i - ‘- —- 
~ 

-‘---
~~~~~

-- —
~~~~~~~~~~~~~

---- 
~

—.--
- - - -  —~~~ ~

—
~~~~~~

----— - —-----

~ ~: performed before rectification (Fold Last) and wIth the black leve l
set at 3.5*5 and SxSmV , respectivel y, The actua l tunnel position, 
at recording coordinate R b (position over the tu nnel) is shown

‘ 
in all maps for comparison . This is exactl y the position shown

t by the maps at this coordinate. But , the hyperbola does not peak
at RIO as it would be expected. it peaks at P6-Q8, althou gh, t
does not diff er much frr position RiO. Th i s distortion can be

~ well dttribut ed to a 10 ground slope not accounted for in the
maps , which could have made the shortest distance frri the tunnel
to be at posit ion P6.

In FIgure 41 a grey-level map for the top traverse is shown .
- 

I The actual tunnel position at coordinate Ulo is the sane as the
one given by the map . Again , as discussed previousl y the hyperbola
peaks at positions 56—TB.

it shoul -i be noted that in all maps t~~t height f the tunnel
it each recurdin q positi on corresponds to the width of the hyperbola.

Our res ults as ccinpared to measured ‘nes ir~ very good.
1. Tn s ine ins t a nc e s  measured and calculat ed results have a perfect

correspondenc e, while in others , they are very close. ThC important
po int to be understood here Is that our process is indeed capable
~f i I. ’ riti f v iri ~ the tunnel . A ccriparison o~ our maps w i th  those
generated by ~ - t  ipp en~1an( e’. the  su cce~- sf  u lnesS of the process.
Figures -

~~~~ in~ 4~ pro~~eri t an eiampl e ~ the maps given by Stapp
for the top and l ower traver se in Figure 37 , respective ly . They
~~~~~ prvttu~ e~1 by ~ rec t grey-level mapping of the ech e-~. As seen,
t~)$- ex pcct .- - 1 hy L. - rbn l i w” ich ident icies the tunnel ~s no t clea r l y
l n l l r i t . ’il . Mere 1ik ~ 1y , the maps (J i ve a c nfused picture of the
unn .~ 1 and 1 i,ii i t ed onc 1 us ions c jn be made.

wr~ f -~ - - • -
~~ to use various ~a ti process nq techniques

L such i- - ta k i n~i the absolute value , i~- e r a q e  nearest neighbor waveform s
and adjust ing the l i - v e l at which the waveforms were clippe d etc.
E~..-n then the r # • s i l t s  while acceptable left much ro ri for improvement.
riow ~- ve r , by i n c l udi n q the ph ysical me chanisms , i .e. naturil resonances ,
in the p r ’  t-”~S , these rather arbi trary steps were not necessary
jn 4 vast ly improved maps were obta ined.

r
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CHAPT ER V I
• 

- SUP~4AR Y AND CONCLUSION S

JT The tunne l ident i fic at ion process consisted of three main
• tasks:

I . Recording of the echoes and cal culation of their poles-. by Prony ’ ’~ method.

t ,.~ 
‘ . Processing of the echoec~

a) Removal of the antønna pole pair and other undesired
resonances (Chapter II).

b) Pp construct , ,n of the tunnel response (Chapter III).

3. Determination of tunnel’ s structure , depth , and relat ive
L .  posit ion (mapp ing ’ .

Wi’ ( nnc,’nt rat f’ d on the processing of the echoes. The processing
procedure was thorou ghly anal yzed and tested on theoretical (Chapter
IV) and measured (chapter V) tunnel echoes. Methods for Identifying
and (frte.-mln;nq the tunne l’ s structure and depth were outlined.

• The recon struction procey was• ~~~~~~~~~ for c~snbating the clutter problem.• :. The relat ive tunnel posi t~on coul’l be obtained by emp loy ing the
grey-leve l mappin g techn k que.

Our results f r a n  thi ’ aleasurc~,1 echoes were very good. The
tunne l pos i t ion , depth and height were clearl y Indicated In the

- 
.. constructed ‘niv, 

• and they did correspond to the actual ones.

- 
.. Thuc , it w i ’ . h’ri~nst rated that our processing can indeedl (1eflt~fy and prov i de us with concise information about an under-

ground tunne l frcvn its backscattered responses.

The processing capab ility was very accurate as long as the
calculate d waveform poles by Prony ’s method are within reasonable

- ace aracy (especiall y the Ima g inary part). The Inaccuracy of Prony’s
- method when deal ing with data dcrilnated by clutter and noise l imits

our processing c apab ility . Once the proper waveform poles are known,
the identifi cation process can be performed within a great accuracy.

El
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An inçortant part of the processing, which can be perf ormed
in real t ime, Is that the structure and depth of the tunnel can
~ determined before mapping. Mapping can give us a better overview
of the relative tunne l position . But, it requires extensive c~nputer ‘ -~

t ime and storage , which is undesired. Furthermore, the construction
of maps needs many recorded waveforms. This can be a problem since
the ground surface may not be smooth enough for the antenna to be
properl y posit ioned in many spots.

It should be noted that our processing of the echoes, although
it was used for Identif y ing tunnels , Is very general . It can be
applied to any target backscatt e r ed waveform for Isolat ing the targe t
response and combating clutter and noise.
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APPENDIX A
DERIVATION OF A DIFFERENTIAL EQUATION FOR
EXTRACTING ONE COMPLEX CONJUGATE POL E PAIR

L o t  us asstane an original waveform , r (t), with a Lap l ace repre-
~.i’n t it i t in c i?

4( s )  ..4r ( t )]  .

In ~ ‘rio r j l  wo ~ an express R (s) as fo l low s:

- -~~~-~-~ - -

• 
(A l )

(c-s 1 )(s-s 1 )D(s)

~ h.’r.’ 
~~~~~ 

is the p o l o  pair to be r kw ~~~~oi.

Mul tip ly ing hoth~ s c  I t ’ . ~f Equation ~A l ) by the representationof t h *  pole ; i ir  
~~l’~~i~ ’ we havi ’

R (s) (s’ •‘cRo(s 1 )s~ s1j
2)R(s) . . (A2 )

~ ~s) is  the Lap lace representati on of the filtered waveform . Its
pRioc are described by D~s).

T ra ns fo rmi n i  R~~s) to ~ ir~t doma in we obtain

r~~~t)  * - , ‘q 0(5 1 ) 
~ 

• ~s1 I)r (t) (A3)

where r (t) ~J~~[R~(s)] .

Equat ici n (A3) Indicates the analog imp l ementat~on requiredfor ~~ !ract inq  the complex conjuga te pole pair (s
~,s1). It is equiva-

lent t o  the di g i ta l one given in Equat ion (14) (see Chapter
I I ) .

In a s imi l ar rnannpr we can der i ve differential equations equiva-
lent to the difference equations given in Chapter II and III.
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THE TRANSMISSION LINE COMPUTER MODEL WITH
ADDITIONA L RESULTS

S , ~ ‘ - : - ‘ . ~. : ‘1: ‘ C - 1, c~ ~~‘; A - I ’ll - . -- ~~~ — :‘ - ‘ - ‘ 2 ’

~~~~~ 
s ,’. )~~,

:.~..t ~~~~ / j’
~1~ , ‘4

S l.~~i1I , -: 4

-~ t~4. ’ , i~~~. :
I 4 , - ,~’ ’  “ . ~ ,

C III 4 $ ’ ’ . ’ ‘ - .1)  .:‘‘~ - • 1 1 : 8 , ’ - : ..’ 1’ 7 1  ‘ - 8 -  , I :‘ - a (‘~ ) ,
-. :‘ - L 7 C ~ , - - :~~

‘- :‘a a I , I ‘ - ~~ • : : 4 : 8
a -  ~~ s:-.- t P , 5 ( l 4 ,, I I ,p , ( h 4 ) .:. ’t - 1 ( 4 ). : i !T r ~~~ ) .:~~~ 1:;,(?)

1 1 4 . 5 ’ : - ; -  : p : : ’ C 4 ) , : : ’  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~I. ~~~~ ~~ 1 ‘ ‘ 4  ‘ , : , Ic~~ ‘~~~I 2, 4 ’ ’ ’ ,, - ‘/ 4
I. 1’ - S ’ ,_ 1 ’  . . J c ’.- 4~~l , ,:u~~~ ’ 5 4 ..; .:,- r ’~ ‘ ‘ ‘ - 1 4 )
2 ’  _.,~;_ ‘, . ‘ ‘ ._ ~ s ~~~~

‘‘ , ‘ ‘ . - , ‘- — ‘ 5 : , ‘- ‘S I  ‘ ‘ c l c ’ - ) . 4 ( ’ 5 2 8- ’ 7 1 , —
- 4  - , -

I C  4.4. ,‘4 ,, - ‘ 
,- - , / - , -

. I , • 4 ,~~7 ’ ’ ,, ’ £ , -
- • 

- 
,

4 ,,: - ‘ ‘ , 
‘i ’

. ‘ 5 .
_ 

‘ 7 . ’ I . . , - ‘ ,
- 

‘ — ‘ - ... ‘- .‘
.

- ‘ 4 .,’ .’ ’
’

,~~~~‘~~~~~~~~~L ( 1 4  - T ; C ’ - .’ - . 1 ) ,— ’ - : c l 4 ,
— ‘  .~i- - 1  . ‘ .~

• ‘ 8 • ‘‘ : , , r .~~,: , . ‘7  !.- . - - ~~~~ - ‘2l

‘ ,~~ :‘ . . , ; . : ‘ : . -. . ls ’  ,, _/
8 s 4 , - / 4 4 • , Ih  /

__ c,. _ a : ,!‘-1,’” : - — ,: ’ -’’~~./
1- - . ’ .; - :,,,/ h l -  a - ; ,  : “ 7 . .. I 2 1 l T 8 -~~~~ . ‘Ic: ..f

8 - A  (- ‘ , C 7,~’/ I  ‘ I ’  ,, _
~~‘

‘ 4 ~~~~‘4c , ) . , I ’ ” 7 ’ A L  - 
4- ’ ’

• - : - - .
- -

~~~~
‘ - ~~ ~

_
~~~~•/  -5-’

~~~‘ A ‘ ,/ / L i  I ’ . , .  ~ : ,,~ / \
5 , 7 -. ~, - A  * : .4, n t ’ - 1 A - ’ . 2 4 c . s /  \

- 8 . , l T t L ( a - - t I : ; h : : . ,’ . , ’ , - )
a. • ‘ S S .

4,, S •  .1’~~~; . . A ,&
. _ 4 ,  S • S • •

;‘;~ 
-
‘ rr4 !’7’ ’ )  !SC ’I

I - . s . - -~~~’ ~ : 4 : ’ s 4 ! ’ ’ I !- ‘~
-‘“T ’-

‘‘ - ‘ — - . : ~~~~~, : ~~~~~ 
- - :

~~~:.::~~
- ., _ : I ‘ ,~~~.I 1”- -’ ’ & - * ~~~~~~ ; 7 -

—~ ~. : ‘~~ ‘I’ ::. : :Y
.~ ‘s I. ‘.~~ ~~~~~ ~ ~~~~~~~~~~~~~~~~ : ‘ ‘ ‘ ‘ : - i ’ , a ’ :~~’— ~~ ; c( ’ ’ :.’ ,.)( ”~’ r ’ ’ / 4 y( : . . )

.• ‘,‘ ,- ‘7’..r -’s - ~~~~~~ ‘~~~ ‘ - ‘ —
— ,  8. ) )‘ ‘ , . -. ‘ / 5 -~ , ’ 1  - ‘ I S  “ — —
.~~, 4. ‘- 4 . , :  I 7 ’ ~~8 5 ~~ ‘ - 7  ?- ~ 7 4 ,c’ ’~~ - 8- ~ A 1 5 - A l  5 ’ ,’’1~~~~, A ( 1 ~c / )
“ i 4,, ‘‘ c~ • - , 2 ~~ L~~’. I - - 1 , 4 - ’:
5—  4. ~~~ ,~~~, — s ’ - ’ :  ~~~~~~ - A ’ - -  ~~~~

- . - .‘~~— ,,7; - .. - ‘ ~ ‘-, - ; a ’  ~~ ‘ 5I~4 ,, .. • ‘ . - 4 ’ ’ ( o )~~(U, 2 , ,  - r:’~5 - - -
•~~~. . ‘ i I ) —  ‘ 8-.. , ’ - ‘ I - ’ - , ,‘i’)’ I-F.~ “ r 1 . ’ 1

4. • ‘  ~~QIi i 4 ~~r. ~- A ~ ’ a ’  -
_ - •

4, 4 . , ‘ .  A~~~;4. ’ / - : ’ 4 ’  
~ ‘ ‘

i’’ • ~ 7 ~. T~~F 4 ’ I  ‘ “ 4 — -:
,.pq 4 , E ( M , ‘)

e ’  rc , ’. 4 , i ’ 4 - ’~~~~~5, I 7I’ I., L I  , ‘ ‘ : .! 4 .” 4. ,~~l - ’ ’-’.~~)
‘.p I, ! P ~~~~) 7 1 7 . , 4 , ’ 4 .1-. . ’- - . !, ,’~ A

5,,. 4.~~... *. , a - - -i ‘ 5 ’ - I

4 s’F( , -

112

a

- ‘---—-,--- ‘— —  --4--- ’ -— — -- ‘ --4—-’-- ’



— 
‘T’

~~~~

’ ‘ ‘-
~~
‘
~
‘“

~~
4- - - 

~~~
4- ’

~~~~
” ”—•”— —--—-— ‘—‘-

~~ 
“‘. ~~~~~~~~~~~~~~~~~~~~~~ 

“
~~~~

-‘ 
~~~~~~~~~~~~~~

“ —fl---

‘ , ~_( , ,,, I4 , , (4  - ,  4 * ‘ - , ‘ 8 4 .  4 ’ l ’~ ‘- I ’)
C - ( 4  4 , 1 8 • -

_ -
‘

~ $ 1 . , - ft , ‘ I ‘~ ,~~- 2 A I . ‘ 23,’ 5 , - : • ‘ 1 ’  A • I- hI ( $ 8  8 - J ’  
• wc *.‘ s

‘ t A (~~~— 1  ‘ 4  , , r ’ ’f  ( ,,~,6 4 , , 4  A • ,-~~I ” A - I ’ A
L .  ‘ -, ‘ - ‘ - 1 .  ~~~~~~~ —

• 
- 

~~4 ~ 
- -  5  - I ‘‘ • - - T I  ‘ ‘ ‘  2 4 1 1 8  ‘:‘ I — 7 .4

~~I “5, 4,, $ C $ , I
-  - : 4 4 . - h  ‘ , I~-~

—
~’’ ‘ 

• 5 3
’ 

5 )
,, . - .  -- ‘ * 4  . : — ‘ .)

- ..
C- ’. r ’ c ,,  ~~( I . ’ ‘c ’ 5 )
(C . - *. ,-~~~~- , ‘ . 5 l , p - ‘ c’)

s . .  : 1  . — : , — - - .

-
~~~ - ‘ S ,~~~•( I. ,’r’)

- ‘ - . (- • .  . ‘ - I ’ I . - v I
,, 1-, - .- . 8 1 / C  .- ‘ 1 ) s I ,~~- — -. I

‘I  ~I, - ( , I I - .. •‘
. I ~~ i~~~~~~ ’ . ( ’2 ..7~~’ , ’~~

7’ . , , ‘~I4 j c , , ’ ,8 -’ . • ’ s . ’ 4 s p’ ‘ p  “78
i , .. ;.,- .77

‘A — 4, )
~~~ , - • . . ‘

- 
- : ‘ I - ’ I ’ . ’is ’ a  r ’  I’ - L’ 8 ’  4- I c )

.8  L,,7C ~) , ‘ l 4  S - - ! ‘  2 t ,‘ , 8-,f’ 1 1 ’1’ ~~
‘ T~~ 5- ‘71 ,8 - ’ ’ ’ r I - i ’ ’ ’. I

1, ~ c 5’ , .- -- . 1  L I ’  - - - ‘ .

-8 (  ‘ -  -~~ 
5 , ’ r

8’, ‘ .

PSI  ‘ i’ - - ‘ -
~~~~ “

C - . a. ~ S S

a. • • - ~~;~~~--~~~:‘ - ‘ , :  ‘- - .
~~ 7 4 ” 5 -  a’: - j , : l~~ , ~~‘ ‘5 ’ . 8 ?

4,, 5 5 5 S S

a, c’, - r,cEQ.~. • l r,’ t -
- • 4 5  ‘- , p ’ 7 / - a

4 ’
‘ ‘c. - r . C  ! / ,  1.1 , 8 ’ )

‘ I  ‘ • ‘- c - - ‘,‘ ‘ s . ’ ‘ 4 ,

.14, - 4 . , ’ 5 :. , • h . c , I I ”
V _ 8 ’  ‘ : 1 8

5 4, 5 .  8.1  , I - ‘ . 5 c - -’ ’’ ,—; 
~~-:; - I ‘ 5,.

I,, )),.~~~~ , -

S -., 4 j .1(’ 4 , • ,  ‘ , - I’
- C — - & ’ : ~ 4 / c ,’. a ) )

‘4  - -

1 - - I - I ~~~~~~~~~~~ -
‘ ‘

4 ,  , , . &  — ‘ s;i’:.~ I i I)
4 , 1 8 . 4  - - ‘ I .

. 4 - . ‘a .  v ’ ,‘ .-~~~ C )

I 4 _ 4 .  • • * • s
I . ’ .  8. • • a - I 8 , 1  ‘ - -* A I ’5 . A V  , c

‘I’ C. 5

..‘IJ I’ ’~ - ; - ‘ .‘ “ ‘  I I
S • ‘ , ‘ , 8 4 ’ j ,  A ’ : ’ - *  4, : * — , ~-FT 1 ” r F , : - A ’ -~’ 7 l ?* 2

2 . ’-. p ’ - -  — - ‘~~~~~‘ -
, “a- )

I ,  , 2’ -~~ ~~~ ‘I ~~ a - (~~ , A  ~~~~~~ 5
I , * - - -4 ‘.~ , ‘~~

, - - C 1” . 4
I I I  ,‘ * . (  ~~1, 8 5 - : ,~ A~~ 1 / ?  ( 4 I , - -~~5-41—~~~- ’l a •( CI— 5~ 5- “ —C’ - r8 A ) )
I I , ;- c 4 7 .  - ‘~ ‘ s 4 3 4 . 7  • :ø’ , -’~~~~ l
4 $  - - I , . - ‘ ‘ c l  ‘ 4 4
I , - :  ‘ s - s  -

‘ - , c c / I  ( . ,,~~~, P ç , ’ - ;  S F h I - f l — ( 7” C& T ) )
5 ,  

~) 4,, • S ‘ ‘ 
, 4 , , ‘81: 4 8 - 4 ’  T ’ ’ i ’I;T 7’ S’PI’ ! ‘ l 5 1  S (ZlFn1s

I - 4. s, ,‘. 4 ’ S , ,  A 7 7 4  ~ ‘~T I ~ 4 ““ 5 5 - ’  s :  C-
I I  ‘ a. ‘‘ - A  4 - s i - ~‘ - ‘ : -‘

h i ”  - 4. - -
5 ,1 ,,‘A * .~ s I  ~~ 4 1 ’  ~~, 7 $ , , ’ I / C ” S ” ! * ( S I ’ 7 ’ A .7~~5c1~ 8-

113

- 
4- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -



_  - 

c a - s

- A , c - A  ‘A . s 4 4, * ((‘.8 8 )
2 , 4 : 2 , 4 , ’  8 - .A ,  - ‘  ( 8  P 1
I_I,, a. ~~~~ t - I k ~~, ,~~~4 ( I  c ’  ‘ ‘ , A~~ 5 ‘- ‘~i~~ p - h -U . i , - I F ’4’ I - •
4 _ a .  4. . 4  ‘ ‘  - ‘ ! ‘ ‘  I (.~~ ‘ ‘-r 4._ I
‘ - 5 — 2 :  ~~

-,_ 8’t - . - I -- ‘ 4 ’ ’  ‘-
4 ,81

I . -. ‘
~~~ - s • a . ., , ’ )/L ’ a. .’ , -

I ,., ’ ,, . • 8 ,’/ - A — 5’ S )
8 .c l  •‘  .‘ ‘- •.- ‘ 1 ) / L ’ 4 ’  S ‘iS

i. _’ ,’s ij  5 ) / ( . ’- ’ - A . , ’ ’ )

I ,,, L , l t , - 7 . 4 ., —

I~~4 • ,~~~ 
) e 5 , ..c ILL £ 5  . - ‘~~~,r  ~~~ 4 P C —  s- • ‘a .

C..)
I j4 .  C ‘ 8 5 1 ,
I . , I, 5 5 5 S S

‘i A ’  a- .~~8 ’ .’(,.- 1/ - .  4 - 7
;* ‘  v — A? ( 1  8- A .  , , )

- 4 .  :i’ a -. - -

I — h  4 A ? .  5’ , ’ - y, ’ ;  ‘ ‘ 1 1 / , ‘‘4 ,4 ( 5 ,, 8- ’ * 4 )
i - ,, , : , , .  .1, .8 , , . . ~. :r.- 5 8 ,’: - — . . : s ’
8 — ,, 4. S • ‘4 , ;  • 14.L ‘— ~ ‘ 1’  ‘‘~ c ‘ I 1 ,p I,:!’
I ’ —  , 7 ’,—L! . • ‘~~~/ 1 i’ . t ’~

’7 ‘ a -

I ’- ’., i, ‘‘ - 1’ - , t  - ‘I 5 ,4 61  7 4 ,  4,- 4- ~ ‘ ‘

4, .~ :- ,‘ E : : ’ t.  ~ - - .  - : s . : c  ~
14 ”  , - ‘, , , , , ,~ - ‘ I

— - . “‘S ~ 2’ 5 , 4 
• p . ’ •~ ) , . , —

-- 4 , ( ’~~~- • ‘ , I ” h t , I ,’ . 4 , ’~ ’ • ‘ , I ” ,~ ’’7 I .’ . 4 I
5 ’,, , . , ‘

a ’ ,,. ~, S S - - 8 ’  ‘4.~~~
,, - - ‘

4 :  •( .4 4 S c / , , :  • 7,)
s- — I , —

It, -, a — , • - - : .  
~~

- •: •i ,~~~, ~
.5.,- ‘, • LI. - . 4 ’
15 ,  ~ 

S 5 5 5 -

— 4., ‘‘ - .c ,- - c- ’7 ‘- ‘ . ‘- c (
I A ”  • - . .-~~ , l h I. - 7 ) - ~,

- ., ’ .)
S I( , 4, 5 5 * — S

S S ~‘ : i , I A : : - ’  -“I’ . 1 — ‘ “ 4 ’ 7 -~~ ’ ’  ~a 1’”~I C • _  8,. 5 5 5 5 5

a ,4, ; , i .( , .’ , • ,
4 c - . _  ~,1’ .1
4 8 , ’ , .4 ,~ . . . s , p
1 082 L~~ .,,,L • a 4~SC C- ’ A ’ . t I ,- ‘

~~
,, ;fl

. -. ,-f - i a ,- ;  c .  - )

~ 
A - P ~ ’)  , ‘7
- ‘ - .1

5 4 ’ . ~_ 4.7 ,,, - ‘~~4 ( C  - ‘ ‘ ‘ ‘ ‘ I :~~~, ’ . ’ , ,)
I ,._ - , , ,- ,

I i ,  8. 5 S A 5 5

h 7 ~ 4.. • 5 I L , I ~~1Y , . ‘I I  I~~ . ~~ 1 . 8 ’ . ’ 4 - 4 2 , C4.
5 5 5 5 5

I
_
I - c  1 8.5 . . - ‘ ~ s I ,’ r— E”’

I - — ,  , ‘ I A , ,, 1 - ( ’a 3 ‘ - - ‘ 1 •~~ ‘ 7 1 1 )
1 . 1 4 1 S S S ~~~~~

4. • ‘ j  ~~, :‘ ,. -~~c j  ‘ .- r”7r ’-,,, ’4 , (
~~~ *7f  “-‘ ‘ “8 4 )

I - I  4,, S ~

I - ‘ i, • ‘~~~ :. ii ‘ 7 1  5 , - “~~~~, 4
4 ~4.l, - ( ’ 4 4 ’ ~ _ • I 4 ~ -

114



“ 4 - ’
; ~~j  

‘
~~ 

- ““ ‘ ‘‘ -- “
~~~~~

.
“ ‘  4- 4-’ ‘—‘-4’-’- 

~~~~~~~~~~~~~~~~ ‘““~~‘~ :. ‘-,_,,., - ,‘-._~,, ,_,~_ —_-.‘-‘-,-
- - ‘ -

~~~~~~~‘- — 4 - —

11:
I _ c l  44, 2.,’ c ’

• 1 (“1:4 • ‘ 1
• 1  ~~~~~~~~~~~~~~~ ‘:.  . I~~~~~ T l  I )

( 4 -8 ,,7 , ’
I.-, A ,,: - _c,j~~, 

p ‘ ‘ ‘ .I-,,’’2 : , - -c,, i • ~~ ~- “ 5

Ir ’, 4 ’ , . — ,8 - : ’ . / ’  1’ .
I 4 ~ , , 7 -  . ~•l  • ‘ r . - ’ IC ,1’~~

5 . , , 1 c ’ ’ a - 1 1 4 ; )
8 ’ . 4 ~ .~~ ,. p a, - ~

, , . - - , 4 :  ‘ ,; 4 ‘ ‘ “ ‘  . ‘‘ - (‘ “1
I - , 8 t  ‘ , .- .  . , “~~~~

1*— 4 ?  , I  . ‘,, .-1 . ) 7 : , - -  a
I . 1 ’ ’,’. IrL r,t ’ . 1.~~, s ‘4’ . ‘ - ( I ) ~~’ .

4.
S I • , 4’ l ,4, 5 • • S S

I .  ~~~~~~~~ c , . ’
1’. - I a ~, I ’’ ‘- , C ‘ La’ - :‘ - P c  I, I c  - ‘ I

- , )a-  1c ’ , — 1 ‘ ‘ I’
. , a 5,~ ~~~~~

-

5 1 . 4  a’ . 8’  ‘ ‘)
.1’ ..

- - . 5 - r ( 1 4 2 ’ c  I ,’, ) )
— ‘ , • , , • I .

Ia .  ~I ‘
~~ _ . f , I l’ ’

- , ,,.
~~ .i~~j :._ c , — - , 4 : . ’ )

• , , , 7  Pa
- -  —
4, 5 5  • I S

. 1 , .,, • . I,, - , . 1 ’ ’ c - ’ . : - . : - ’ 2 t ~~~’ 1 - ’ , . S : ; ’ , - l - c ’  ‘‘

. 5  • S S

- , , - - — , . /t ’ 5’ - — S
- 4 )  7. ’ , •iu~~ ’ :’ ’ -— ‘ . / 4 ’ ...:

f t  , .‘:. t . , 5 ,~~
, , ,, ‘,‘ f s a , , : 1 (’ ’ ’.,;’I 1 7 , . )

_ l A $  ~~~~~ . . ~~~~ .~~ , ( ‘  p 4
‘ . . 4 , A~~~~, * , I ’/ ,

~~~~~~~~~~~~~~~~ ‘ 7 6

- -  3 , ,,r C • , ‘ . (  \ ‘ ( ‘. ?. cIc ’~’ ‘ ‘ ‘ 3 )
j~ -~~7 ~~( ‘ 5~~, ~~~~~ - ‘2’ ,

Fr  I . ‘r C ’ ’ ’ ’ )  .‘ . —1 • , - ~‘(  ) ~~— ‘

a -
‘ ‘ a- “ I .

• . - ‘ ¼. ~ ~

/ 8 , .  4 ./ .
. ‘ 1 • ’ (. ‘ 5 ,~~~~~~’

- - — c ;7 . l . ’ —

• _ .‘4 : . - ~ 4 a - - : • I . I —
- 4 4 ,  5 S . S S

s . -  a 
~~~~ 5- L ’ ! ; 4 ’ , ’7 ’ ’ - - ‘ , ‘ ‘ ‘ ‘ .

•:_ .8-,, 4.,,
5 - .  - 7 0 . 1 . 5

~~~~~ 
1 ,,’ , I ,~~ I ’ ’ , ~, , ~~~

S — ~~ ~~~~ ~
.. , - a~~ ( ’ S ~ ‘ ‘ , 4 , ’  .‘ , - - ‘ , -  - . 1~ ‘.~~~- . I’ ,’ ‘ , ~ .

‘. - 4  • ‘~~ I 5  - ‘, i r  I I • . ‘ , ‘ ‘ ‘  7 ,  ~‘ 
‘ , .‘ • I “ ‘-1  ‘ , ))

_ _ _ _ _ _



--4— - —-4-

— 5  ‘ - - 1 .,,t. , ‘J -_ :  
~~~~~~~~~~~~~~~~ ::, ~~ : -  ~~~~~~ ‘ a

. 4 . fl , .- ‘ ‘ ,c , ,- - - ,’ - :  8.’,l P I  - I 7 , 4 ,’ ’’- I l r C 4 4 . ’• p
5 ,) “, I - ’. - C _ , s ,’ ‘ ‘  .. ‘ . I .‘, I c _ SI ’ , 4

.14’ ( - ,  .‘ 4 , , , - . 5 , ‘ I c ,,  —~~~~, .

‘ ‘4  r - ‘ , n - ,‘-t ‘ I ’ . ’’,. c I ‘. ‘ , 4 ‘ 4  ‘‘ I’ 1 ~~‘ , t’A , I . / , ‘ 7 4 ” i ’ ‘ ‘~ . ‘,
r i . , ‘ 4
4.,’~ , , a’  ‘ . I.’ •)  I- “1:;

— -. - c - ‘‘, ‘‘~~‘~~~~ - - , ‘ :‘‘ . - r 
~~~~~~~~~~~~~~ :~ ).44 - 1.~ , .  , i( 7 , S c i )

L I  a ’ JAa- 1 8- ; 4 ’ ~~ ,’ ’ ? * i . ’.~~~~,’ A ‘ ,~~~‘ , ‘ ,‘ z A I ’ ,
, ‘ , I ri ,’ a , ~ , 4 ,, i $ 4 , , - , ,4 ; I1 A ‘~~ 4 ’ A ,’ 5 ’ *  ‘,
,- ,, !, I , ! , , ’ 4 / ’  “ 3
‘,,, . “ 4 , c  ( 7 ,2 s . a ~)

. 4 . .  g’ ,. c - - A , (~~~~ 4 , ’ 1 ” 4 8 - ’ - ’, ; - . r ;-.t 4 )

.11,4) .‘H. : . ,- , , - ,s p

... a’ ’  ‘- ‘- 4 , 8 S P s s ,  - _ .i ,)

_ -- ‘, , , I  ,.,~. a ,
5 5 5 5 5

I . A ~~ ’ i (  ‘ “  1.,~~ ’’ 4 : 2 , .
S .1.. 4,, ‘ ~ ~

.,‘ 4 S T~~
-
~~ t l  ‘ .,, -

.

- - 1~~) ,‘ ‘_‘,~ .,‘ , - I ’ . ,

- . - - ‘4, ( I )  . . - - — I). 7 - ’

- 1 4 2 ) .‘ I s i , ’ - -

•.,-c . s s  :: ‘~~. . ‘ : - ~~ .:~~ 4 - - : : — ;  ‘ 4
_ P $ 4 .  S S S S S

(I a. . . £“~~ A : -~~ ~~~~~~~~ 7 4- “‘v’ ~: : :‘ - .

~ r ’ .I~~’ ‘a .s , ’ i ’ ’ ; : I , , E r C’I-4 - - U I i ’ ’- ’’U ~~
‘ - -

~~
-
~~~~~

- :  - -

- 4. S S S  5 5

I 
~~~~~~~~~~~ ~~~~~~

1,’, ’) p’ s.. . I ft ( ’ ’  ‘ - / - ‘ S  - 4
— - — ~~~ •,  ~~ - ,4 , ‘- S . : , :- ‘~~~ - t

I, ,’ ’ )

— - - - ‘ , , I A , ’ ’ I , ’ 4  8 I I I ) ’  ‘)
‘-t 4 ’ ’8 ’3  ‘ ‘(
:~~~

( : A • • ) ,, - . ,. i . . I 4 ) 1,(’ ’. :

,‘ 4 ’  8 - , F , ‘ _ c , - , ’ , ’)
4 . • • cl , , ,

. d h  f~~~~-8
- — — ‘ - 8 5 4 — — ,
• ‘ -  - : ~~- i : .’ .-
5 4 _ c ’  : 7 t ~~C 4 . ’ I - I l, I I I l

“ , ,  ‘ . ( L 7— I ,- , 4 )

8- ’
~,7,, .,.,4 I~p 4 4 7 , 4 , - r ’ ; ’ ,: ~~~~~~~~~~~~~~~ ‘7 E . : A - . I,: ;~~ ,

.~ - ,8 - . , : .s - - - ,‘ l ’)
~, . l  )- . “ -‘ .1’ ‘ 

- - ‘ ‘ L h ’ A I ’ S

* ‘ ‘ I ‘ .~; .:~ ~: C 4 ‘-1 ‘ . I ‘1
S . . . .

_ ‘. 4 4. 5 • -  . ‘~,‘ f - , . ” ’ ’’G~~~~~~ p 1 ) ”1’ ’ ’ . ( , a - l
41 . - I,, • I 4~s I ’ , 4~~ 

8. , ’ f t ’ ‘-
~4 , i 4  ‘“ 1  ( 4 1 4 )

5 ” ’  2,, 5 S 5 5 5

. 4 ’.-. - - ,,,‘ 4  I s
‘0 , 4 , . a - : S . — 7 - - ,  : 8

Do 2 I~ 1. - , C ’
~~~ ,5 5 , 4r 1 4  ‘ ‘ p  4 )

, ,  a : :  a ‘ • ‘_~~
4,ALL. ~~ 7 - _ I ’ . )

_  

S 

_,~,,



1 4  I~~~~~~~~ -~

‘ . - Is’ ( 4 .  ~ .,  I ( C  4 1  . 157
- a. A 4 ~ a ~ , - i , , , ,,  I i’ ”7  4 ’ . -  4 ’ . I~ — I , — I I  • I • . , ‘..‘. , . ‘ . . c —

‘. 4 . , . )
I’ ,

~~ 4 . *~~ L:I.~.8 . ‘ r : i , . ’ , ,_ .  _ .,‘ ..-:‘ t _ ,‘ I’’ .
(-.4i .J .’I~c

.8 4 ,  _

. 5, 5 a ,,,j. ‘ ‘ . “ (~~ ‘. ,  _ . lI : ‘“

.a- .
AL l ,  L ! ’ t , ’ , T ! ‘ ‘ - ,.‘. ‘, , ~~~~~~~~~~~~ ‘ 5

. 3 8 4  _~ I3 - -~~
- ,

. 5  ;o ~o. S i t  4 4 , ~ ~ISQ4 4 I, , ‘ . , .  h I ,~~~’ s’ , ’.”2~~~, I’ - )
.11, • ‘C ‘-s .

- 4 , , , ) I , r 4 , ’  “ .-
~~ ‘ ..

.51 • £ ‘, - - I - ~4 c . - ,4 ,’.,, II ,~ “- 4 8 - ,..’ , .4” ’ )

~. - ,, k , ,  ‘,l_ C ri’ ,, _ . .‘ • cP ,, II ,:a,-  , ‘ , ,,

. 4  ‘a. ’1, . : U I I ,. -’ ...’,.cI ._ I l ,:.:, .. ’. , )
- , 4.~~~ _ ‘— - 2 4 4 7 4 ; : . . ,  ~~~~~~~~~~ I - . 1 - ‘ I 1 , - ,, l’

4.~~,, 
‘ - ,,,~~1’ _ - - . - .  - .

. 4 ,A:,,1 ‘ - 1 1  ‘-2 . . , , ’ , ~.. 2 I ,,I:’ .’— ’ .,:;
• 1. .~ L ‘,‘‘ . - .4 ,~~~.

-’ ,. i I , 4  2 . ,”~~~.’ -

‘.4., a . I L  I .  2 - I ’ 44 4 ,’ .4 , .,‘‘ ,. I . - .~~ ,, I)
- . - 4 4  p . ‘ I - 4, 1 . . -A • 

- - , - , . I I  , : . - , , ‘

.5, 5- _ A , ‘ . $ 4 ~~~ . 4 _ _ 4 , ’ , I l _ U, , . ’, ,
• 8 . 1  . s  ~‘i , : - , ‘ ,-P , ‘., , 5 I ,~ ‘ ,‘ . ‘ I’ • 

5 , , ..)

.5,:, 8 4 , , . s : , , . . - . . ’ , . ’
, . ! ’ , ‘

_ 
‘ 

.4.4 1 C~~~
, ‘ ‘ I - - c _ . -’ .4 . ,., l) • ‘ ‘ a , - ,, ’

.53, ,_ 4 1 , ;  ‘: 4 . 8 4 .4 , 8 . 4 ,  - . - ,,4 _ , I h . ‘~~‘ ‘ , ‘,., S
L a -  ~ 

- - ‘ : 4  - ‘ . . 4 • ‘ , , II , : ‘‘ . - . , . ‘ ‘  I
8- il, ‘, , I i’:..4 2 .  .0. 4 .. I I  - 1 ’  ‘7. - - ’ ’ , , -

.1.3 ’) • A ’,, ‘~~~~~~ : - ! 8 : . . ,4 . - . , . , I , ’ ,.
.. ~~ t.. I14 t 4 4 5 C ,~ ,,’ ,4 ,. I I .- [ 1 . ‘ ‘ , , ,

_ I 4 4  ‘. ‘ ‘ , , ‘ (  . , 4 . . , , f f , ‘, Y’ , , ? l ,

4, 8 , ,  ‘. 3 5 ’ j , ( ,- , -t , .4 , . 1 1 , ‘ , -

~~
C , ‘ ‘~~~‘ 

- ( : . 4 . 7 . - . , I I , - .
‘4 ,, - ~f ”.. ’ 4 . - , . . ‘ , _ 1 4 , ‘4 ’ . . ‘ . • ,  I

1. 8 -1  ‘ 5 ’ 7 5 c c . 4 7 ’  ,— . , 4 , ., ’I )
• 8.  . , , ,  - -  . 1 .

-4

~ •
p. ’, ‘,Lj ’s2 - - ;  , 4 . ’ ,  . - .1 ‘ - 4 7 ’ ’ , ‘ , ‘ , , P1’ ’ A , - 2’ ,‘‘ -~ I2 .  4 , 4 . ,  4 . A , ‘ , p 7’ :, ’ ’  - - -  - - 1-’ ’ “~~~~~i ~~~~~~~~~

4 ’  ‘L’ ’4 ’
4 a. 4 -~~ 4 ’~~~ I :  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~4

‘ , I I ) i S  ‘ 7 1 ,
- - - . 4 . ,

4. ‘ S ‘ - 4 . -  - - :‘ - - -  :‘ 2’ ‘‘l’’- 4 ’ ’ ’ i t ’ — - s’ . “q’ ‘)
2 4. •~~.— .  ,..~ ~~ - ,~~~~ ~~~ :~ ~ ~ 

‘ - ‘ ‘ ;  ‘ ‘ - _
4’

-
_ 

• 4. ‘ - a A t .  4 - ‘ - r’.c’ ’~ ; ‘ - 

- 

; , . i
_
•_ ”  ‘ - — - -a- - ‘ - - V

4 “, 5, ~~~~~~~~~ D ; ‘ . . A T ? c ’c/ ,’S I ) .
‘ • 4 4 , ,

- 
~: ‘ ‘,‘~ ( . 4 I

550 4 , . , ’ 2 I ~~- i  * 4 * 5 ’ . )
A “ - . 4 .  5 5 5 5 5

-
_ 4,, s 5 

~~‘ * ‘7 ’~ 1’ -” 7 ;  ‘~~~:
,‘~ 

-• 4. 5 5 5 S S

- C ,  ‘ I s ’ ’  f t - I  ‘/ ,‘ .)

Fl
117

-~~~~~~~~~~~ iT ~~ ,
~~~~~~~~~~~~~~~ - -~~ . 

_ _



- ,‘•.‘--._--------- -— - - w~~~~~~~~~~~— • - ~~~~

ccI I I. • 
~
, - p  - I,, ’ ‘ ‘1- 54 ,5-  ‘:1 4 F I ‘ ‘ a 4 , 4 8 -  ‘.4 5 ) 5  !.‘T6 .

-
- (_ I , ‘ - -  I-F 8 .‘‘ .iL-. ci,’ 2 .

— “.15 4 _ /
.4 (1’. ‘ - ‘

,c r’ 4~~~s . ’ / r  ‘4

• .5 . 5

,~,_ c ,  
~. • ‘

~ : - 4 ’  .- ,,J  - 1_c ‘c . . - .c ’SA [ 3 _ c’ ~- ‘ :c  - ‘ 7

a~. _ S i ,, 5 p - ,4~~~ 5 . 4 4  - - I

1!,.) 4 ’ . .  r - ‘ 8 ’  - ‘  44 I~~ ’ .t I 3 , - . , . I ’J  c ’ - ’ 4 ’ - ’ 7 - . )

‘I - ’- ,~~. • 4 . 5 , 4
4 , - . - 4. 4 ( 4 5 4  I , , , , )

‘ S ~ C
“ ‘ 5, ¼, 5 - - ~~~~ . 1  ‘ a -  - “ ‘ ,4 5’ , I . ’ ’ 4 ’ . 17 ’  7 ~‘ _ ‘-S

. 4 , ,  . 5  ‘::: ‘
- ‘ I 8.

4 ,_ I ; S S I . ’ ’/ ’  • . .

. 4 , , - a • • , 5 sS ,

.5-k, ..’ ,I, , 4 , I ) S  1 ,,X t ,  : , 2’ .$. )

- 5• .554.

— I

,~~~~~~‘ , . .5 .’ - - , 16
4 r ( 4 :  ~~-~~~

‘ ) .  :.: - c ,o T ’  4 .”
: ‘

~~ ~~~~~~~~~ ‘(7’ ’ ; ,.’ .)

. 5  £ $ ( J 2 .  4 4 4 4 4 )

8. 

~ ~ 

I 

, 

V

.4’ 4.. S S S S *

‘ . a- 1,~~_ r a ’  A~~ ,4 . ’ ,. ’l S
LSV 1. ’ 1 — I ,’

• , , ,  , i, *~~~~). ‘ ‘ ( 4  I
4, 1  - 8 - 4 * 5 . 4 -  I ) .  a ,  ‘ ; 1’ . 4 )
A , .

4 . 4, 1. -

C
4. ’,, I . c . r -  ,_ c ’ 4 ’:. ‘ a ’ . a- , ; , ” .451r .:;’
‘4 , - 4., . 4 * 8, ’ , _ . 4 I 4 % ~ , . ,. 7 . - s
4 , 4. A , A I & . - , ~~~~ ’ 1 I : -  1 i ’ ’ - - ‘ 1 ’)
.,. p’ ~, I” . - ’ .~ 

.‘ . 4 ’ : - - ~~
‘ • 8 , 4 ’

a. :~~; -
. I I ,  ‘.—l ’ ,’ A . *’ I’ - , -

4 c ~ 4, p’ ., I , ‘ ‘ ,“l lt ‘‘I’ • ’• I * ’  V ;-.~~~‘ ‘ ,- - - - , “ 4 - ”  -

. 4 1 1  a. , 4 4 4
4 4 ,,’ s- , ’c 4 . ’ . ,? , I; I)
41 — ‘ • — . • .‘

4 5 4  _ ; S c
C~) i 4 . - ,’

4 5 1  :~ : —
4 5  -

4 4 4 4~~~~- ’ ., ‘
‘ A - ,, . 5 )

4 ) ,  - A 4 * ~~~
’ . . ,‘ , a ’ ; s

- A : I c . ; . I ) - . 4  5 ’ , 4 . 4 )

—

~~~ 

118



_,‘,_
_ — ‘ —“-‘-- -— - --‘— . ,1 - - - I 7’-’II” ~~~~~~~~~~~~~~~~~

I

-

S

. 1
— 4 ,. .

4! 4 , , .

- 55 .8-, ,  -
~8 , 4 • ( i — a 3 5 ,’.,4
4,’ -

- ~~~ 4 .
_

S,

1 
‘8 . ‘ rt  — • ‘ ) -  ,3.~S .8- s , ,  •

~~~
, p ;p. ( . ‘4 ,- — ’, )’ ,I, ’ , I.’

I — .8 -
L 4 1 5 s - c t  8 A 5  •, C$ _ 5 — 4 3  7 5 7 / f L a . A . ( I S I I , 8 ..a-H _ A X )

~~~~ I”— ~ - I !. ( 4 a ’  ,h /. 4 ,)
4 4  .‘ , c .S . . ’ S ’  4 ’

I ‘• ~-a •‘ •~~~~~ ‘ 4 ’ , -

1-  
.2 , C

4 ,U -
‘ ‘ — I , ‘ ‘ 3 4, , ’

— ‘• I 4 i  -, • ‘ .‘- .I :
1 44 . i s I s ’  / 8

~~~ : -  ... s .  . ‘ : A ( J ) — - 1. A , 4 8 : . I )
-8-4 .’ • ‘ I u,.. s 4 4 5  ‘ s 4 4 • 4  S 8- , • -

8 , 8 - (  I .  * 1 , 1 , , .I- . , _ _  ,, t .  • ‘ :.  / , * 4 . 4  - — ; ~~~
- ‘ 1

I , A .A . 4  • ‘ . 7 4
£ • 44,., 1 . A , 4 .4  • t l . i  / ,A (  I • 4 1 . 7 , ” (“4

, • ,

2 ’ — :  ~s .  S - 5 , 4 2 ~~.,, 5 . ,
- -.•, ‘, •j ..4 . , ’ ; c .  ‘ ‘ ‘ ‘ . ‘ , P S i s ’ I 5

4 5 -
’

— 14 1,,. , , 5 ,

:, ‘ c.p ,

S

El

1

~~
j

E l
119

I - i .

~
_ _ _  _ _ _ -  

- - 
“‘ :

~~~~

-

~~~~~~~~~~~~~~

- ‘



I,
A dd itional Results on the Transmission Line Model

We present here the results of five more sets of par~neters
used in the transmission line model for calculating the target
(tunnel) pole pair and its depth. The f ir st echo responses are
given in Figures (1, El. ES . (7 , (9 and their respective filtered
waveform s (double antenna pole pair extracted ) and reconstructed
target responses in Fi gures (2 , E4 , (6 , (8 and (10. Attention should
be g i ven to the first set of par~neters. In this case Equation
(61) is not satIsfied for the target response. Thus, the imaginary
part of the calculat ed target pole (Table El) deviates from the
actual one (Table 2). This situation becomes more cirt ical as the
target resistance increases with respect to 1 . The sane is also
true for the antenna pole pair. Under such c8nditions we can still
calculate the target’ s depth , but not its structure. It should
be noted , though , that given the transmission line par~neters (Z
and P ) we could finall y calcu late the proper target resonances
deteri~~ne the target’ s structure. All sets have the following coimnon
par~neters:

Conductivity of c’ 5.xl0”6~j/m.

Line characteristic ln~edance of 10 377.+J0.

Generator internal resistance of P5 377 .Q

Rela tive pt~rm ’ttiv 1ty of Cr I .

Relative permeab ility of 5
~r

line length (target depth) of d 30 m.

Tah1 s~ F l
‘$‘)DEL PARAMETERS

WVFRM TARGE T ANTENNA 
~A 

RT T8 GAUSSIAN

______ 

POLE( *1 06) P0l((x106) (ohms) (ohms) (nsec) PULSE WIDTH

F ig. lE ‘50.j40 -50~JS0 100 600 .39064 6 nsec
F - Ig. 2E -30+j60 -40.j70 312 416.67 .61043 6 nsec
Fi g. 4E -60+j80 -50”J90 250 208.33 .61043 6 nsec
Fi g. 6E -40.j80 -90+j’lOO 277.78 625.0 ,7325l 6 nsec
Fig , RE -80J100 -l00 jl20 250 312.5 .48834 3 nsec

0 The real and imaginary parts of the poles are in
Nepers/s*c and Hz, respective ly.
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